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Abstract 

It is generally believed that models of endogenous growth with expanding product 
variety typically yield a too low level of research. We show here that this result is due to 
the implicit choice of a particular value for a crucial parameter. Once this parameter is set 
free, one finds that too much research can occur as well. 
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1. Introduction 

One of the most popular models of endogenous growth is that based on 
‘expanding product variety’ (Romer, 1987, 1990), in which technical progress 
takes the form of the introduction of new varieties of goods. Starting with 

Romer himself, several authors have emphasized that in this type of models not 
enough resources were typically devoted to research as compared to the social 
optimum, and that as a result growth was inefficiently low. This too low level of 
research was actually found in a variety of different specifications (see for 

*Tel.: + 33-1-40778462; fax: + 33-1-44243857; e-mail: benassy@epremap.msh-paris.fr. 

’ 1 am highly indebted to Peter Howitt for spotting a serious mistake in an earlier version. 1 also 

want to thank the referees for their useful comments. Needless to say, I am solely responsible for any 

remaining deficiencies. 

0014-2921/98/$19.00 Copyright $ 1998 Elsevier Science B.V. All rights reserved. 

PII SOO14-2921(97)00061-5 



example Romer (1990) Grossman and Helpman (1991 b) and Barro and Sala-i- 
Martin (1995)) and as a consequence this feature was soon perceived by many 
people as an intrinsic aspect of this class of models and underlined as differenti- 
ating them from the alternative ‘Schumpeterian’ models of vertical innovation 
(Aghion and Howitt, 1992; Grossman and Helpman. 1991a,b). which can typi- 
cally lead to too high or too low levels of innovation and growth. 

We want to show here that this apparent asymmetry between the two lines of 

models is due to the implicit setting of a crucial parameter in ‘Romerian’ models. 
namely the ‘returns to specialization’, at an arbitrary specific value. Once this 
parameter is allowed to take more general values, Romer’s model can lead to too 
high rates of research and growth as well as to the too low rates usually found. 

2. A traditional model 

Since Romer’s initial contributions, several adaptations of his model have 
been made. We shall use for our demonstration a model due to Grossman and 
Helpman (1991b), which has at least two advantages: (a) they propose in the 
same book a ‘Schumpeterian’ model, which the interested reader can compare 

directly to the one developed here and (b) there is only one accumulated factor, 
‘patents’, so that we shall not have to bother with any transitional dynamics. 

2.1. Households 

Households are infinitely lived and endowed with a constant aggregate flow 
of labor L. They consume C(t) and maximize discounted utility: 

s I 

eeP'U[C(t)] dt 
0 

Following Grossman and Helpman (1991b), we shall in the main body of this 
article take U[C(t)] = Log[C(t)]. More general isoelastic functions are studied 

in a longer version available from the author. 

2.2. Production 

There are three sectors of production. The consumption goods sector pro- 
duces output Y with the help of intermediate goods indexed by j 2: 

Y=[~~~(j~dj]‘;’ O<a<l (2) 

‘Note that Grossman and Helpman (1991b) actually assume that households consume directly 

the intermediates, replacing somehow C by Y in the utility function. We keep here the more 

traditional ‘production’ approach (Ethier, 1982) and will return to this point in Section 7 below. 
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where x (j) is the amount of intermediate j and [0, n(t)] is the range of 
intermediate goods existing at time t. 

The number of intermediate goods can be increased by undertaking research. 
which uses labor. The ‘production function’ in the research sector shows how 
much n(t) expands as a function of the quantity of labor I(t) devoted to research: 

Finally each intermediate good j E [0, r?(t)] is produced by a monopolistically 
competitive firm j with production function: 

.Yj = lj (4) 

3. Disentangling market power and returns to specialization 

As it turns out, parameter c( in Eq. (2) is a most important one, which actually 
serves simultaneously two purposes since the quantity l/cc - 1 is both an index 
of market power and the degree of returns to specialization. Let us see those in 
turn. 

Because Eq. (2) is C.E.S. in its arguments, the demand for each intermediate 
j is isoelastic with elasticity - l/(1 - 3). As a result each monopolistically 
competitive firm j will have a markup of price over cost equal to l/cx - 1. 

But I/SC - 1 is also the degree of returns to specialization (Ethier, 1982). 
Assume indeed that a quantity of labor X is devoted to the production of 

intermediates and spread evenly between the n brands. Then .‘j = X/n and from 
Eq. (2): 

y = ,r1:1- ‘x 

so that l/x - 1 adequately measures the degree to which society benefits from 
‘specializing’ production between a larger number of intermediates n, and is 
called the ‘degree of returns to specialization’. 

Of course one immediately notices that there is a one to one relationship 
between the monopolistic markup and the degree of returns to specialization 
(they are actually equal here). But this relation is purely due to the particular 
C.E.S. function used in Eq. (2). While practically all authors in the area have 
used it, it is by no means generic and the original formulation of such production 
functions by Ethier (1982) clearly separated the returns to specialization and the 
monopolistic markup. This we shall also do by using from now on the following 
production function for final goods: 

(5) 
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The monopolistically competitive markup is still equal to l/x ~ 1. As for the 
degree of returns to specialization, let us take again si = X/n, which yields: 

Y = n”X (6) 

so that the degree of returns to specialization is now equal to V, which can thus 
be set independently of #M(. At this stage we shall only make the natural assump- 
tion 11 2 0. 

We are now ready to study in turn the market solution and social optimum, 
and see that their comparison will be substantially modified by the generaliz- 
ation to Eq. (5). 

4. The market solution 

Since both the market solution and the social optimum will be symmetric in 
the various intermediatesj, we shall from the start give the equilibrium relations 
without mentioning the corresponding indexes. 

Since the final goods sector is competitive, the price p of intermediates in 
terms of the final good (chosen as a numiraire) is simply equal to their marginal 
productivity, which yields: 

p = lIY (7) 

Since the research sector is also competitive, the wage iv and the value u of the 
patent for an additional ‘brand’j are related by: 

Now the marginal cost of producing each intermediate is equal to w in view of 
Eq. (4). Therefore with a monopolistic markup of l/( - 1 in the intermediate 
industry: 

As a consequence, calling x = X/n the employment in intermediate industry j, 
the flow of profits 71 accruing to the holder of a patent is: 

n = (p _ w)x = (l - r)pX 
n 

Now we have to derive the optimal choices of the households, which can 
choose between consuming now or accumulating new patents via a positive ri. 
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Their optimization program is written: 

Max eeiJt Log C dt s.t. 

The Hamiltonian for this program is: 

H = Log C + 1 
WL + nn - c 

2’ 

and the first order conditions: 

Eliminating A between them we find: 

(11) 

a condition analogue to the more traditional C/C = I’ - p if one remembers that 
the return on patents must now include the capital gains ti/v. 

In order to complete the solution, we still have conditions of equilibrium on 
goods and labor markets. The first is that consumption be equal to final goods 
output, which, assuming that a quantity of labor X is used in the production of 

intermediates, is written: 

C = n’X (12) 

Secondly the quantity of labor used in research must be equal to L - X, 
which, plugged into Eq. (3) yields: 

Ii L-X 
(13) 

n a 

Eqs. (7))(13) fully define the dynamics of the economy. Now using Eqs. 
(7HlO), one obtains: 

!=(“- 1,; (14) 
6 

71 1 --ax 
(15) 

u x a 



Combining Eqs. (I I)-(15), we finally find the following dynamic equation 
for X: 

s x L 

x-m a p 
(16) 

One immediately jumps to a steady state characterized by a constant X and 
therefore a constant growth rate of patents cj = ti/n which, taking into account 
the fact that II cannot decrease, is computed from Eqs. (13) and (16) as: 

(17) 

We may note here that, according to the standard intuition in this line of 
models, the rate of growth of patents is an increasing function of the monopolis- 

tic markup l/a - 1. 

5. The social optimum 

Computation of the social optimum will actually be easier than that of the 
market solution. Indeed all the planner has to do is to choose which quantity of 
labor X will be devoted to the production of intermediate goods, the rest, 

I. - X, being devoted to research. Since C = n”X, the program of the social 
planner is thus: 

i 

5 
Max e-“’ Log(n’X) dt s.t. 

0 

ti L-X 

n a 

In order to have a simpler solution, let us make the change of variables 
N = Log II. The above program is now rewritten: 

i 

x 
Max e-“‘(Log X + vN) dt s.t. 

0 

&-X 
a 

The Hamiltonian for this program is: 

H=LogX+vN+ 
).(I_ - X) 

a 
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We may note that this Hamiltonian is concave in the variables X and N so 
that the first order conditions will indeed yield a maximum. These first order 
conditions are: 

which combined together yield: 

2 vx _=__ 
x a p 

(18) 

The economy immediately settles to a steady state characterized by a constant 
X and an optimal rate of growth C/n = g* given by: 

g* = max (),4 _ !T 
[ 1 a I’ 

(19) 

Here we see that the optimal rate of growth does not depend at all on ‘x, but 
only on the returns to variety Y. This is quite natural as, from Eq. (6), the social 
rate of return on research critically depends on V. 

6. Comparing market outcome and social optimum 

Looking first at Eqs. (17) and (19) giving the market and optimal rates of 
growth for II, respectively g and g*, we see that if x and r are given independently, 
we cannot make any definite comparison between g and g*: The amount of 
labor devoted to research, and accordingly the growth rate, can be too high or 

too low. 
The intuition for this result is actually quite clear: because the returns to 

specialization 1’ can be chosen independently of 3~, the social rate of return on 
research, and accordingly the optimal rate of growth of patents, can be made as 
small as wanted and even zero for v < ap/L. It is therefore trivial to find, by 
simple comparison of Eqs. (17) and (19), combinations of c( and v such that the 

market rate of growth is excessive. 
But Eqs. (17) and (19) also give us the key to the result usually found in the 

literature i.e. that the amount of research is too low. Indeed we saw in Section 3 
that the use of the ‘traditional’ production function (Eq. (2)) was equivalent to 
taking v = l/r - 1. Plugging this value into Eq. (19) we obtain: 

1 
Il*=l_r. ‘a- max 

11 
0 (’ - ‘IL up 1 (20) 
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so that <I*, as given by Eq. (20), is now always above the market solution given 
by Eq. (17). This ‘traditional’ result was thus only due to the choice of a particu- 
lar value for the returns to specialization! 

7. Taste for variety 

All the analysis was carried out here assuming, as in Ethier (1982) that 
returns to specialization were occurring within the production sphere 

the 
via 

Eq. (5). An alternative way to proceed (actually the one used in Grossman and 
Helpman, 1991b) is to assume that households directly consume the intermedi- 
ate goods and that they display some ‘taste for variety’. This is simply done by 
writing their utility function, as in Eq. (1): 

s ‘I 

emP'U[C(t)] dt 
0 

C must now be interpreted as an ‘aggregate consumption index’, defined by: 

(21) 

where x (j) is the consumption of good j by the household. We should note here 
that the index C in Eq. (21) displays a ‘taste for variety’ which, unlike in the 
traditional literature, is disentangled from the parameter 9 determining mono- 
polistic power (see Benassy (1996) for an analysis of some consequences). The 
analysis would proceed in that case in a way parallel to that studied in the text 
and yield similar results. 

8. Conclusions 

It has been found in many different models of endogenous growth with 
expanding product variety that market forces lead to too little research and 
growth as compared to the social optimum. Although that result might have 
seemed a general one, at least for the simple C.E.S. functions commonly used in 
these models, we saw in this article that this was actually due to the implicit 
choice of a particular value for the parameter giving the ‘returns to specializa- 
tion’ or ‘taste for variety’ and that if one could choose different values, then no 
a priori ranking existed between the market and optimal rates of growth. 
This generalization was made while keeping the simple and tractable C.E.S. 
structure. 

Although the analysis was carried out in a specific model, the reader can 
check that the analysis applies as well to other such models. This teaches us two 
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conclusions: first, one important asymmetry between horizontal and vertical 
innovation models of endogenous growth was only due to the arbitrary choice 
of a strategic parameter in ‘horizontal innovation’ models3. Secondly, most 
normative pronouncements, concerning notably corrective policies, based on 
the one sided comparison between market and socially optimal rates of innova- 
tion in such models must be revised in light of the fact that there is not anymore 
any clearcut ranking between the two. 
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