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Abstract

In this paper, we introduce a notion of continuous implementation and characterize

when a social choice function is continuously implementable. More speci�cally, we say

that a social choice function is continuously (partially) implementable if it is (partially)

implementable for types in the model under study and it continues to be (partially)

implementable for types "close" to this initial model. Our results show that this notion

is tightly connected to full implementation in rationalizable strategies.
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1 Introduction

The notion of partial �as opposed to full � implementation consists in designing games

under which some equilibrium �but not necessarily all �yields the outcome desired by the

social planner. Despite the fact that undesirable equilibria may potentially exist, partial

implementation is widely used both in theoretical and applied works. The main contri-

bution of this paper is to give a precise sense in which even if the social planner is only
�First version: February 15, 2007. This version: October 12, 2011. We would like to thank the editor and

four anonymous referees for detailed comments that led to numerous improvements in the paper. We are

also thankful to D. Bergemann, P. Jehiel, A. Kajii, E. Maskin, N. Vieille and seminar participants at Paris

School of Economics, the EEA meeting in Budapest, Princeton University, the Institute for Advanced Study

in Princeton, Rutgers University, McGill University, the world congress of game theory at Northwestern,

the workshop on new topics in mechanism design in Madrid, GRIPS workshop on Global Games in Tokyo,

the PSE-Northwestern joint workshop and the conference "Recent developments in mechanism design" held

in Princeton. We are especially grateful to S. Morris for helpful remarks and discussions at various stages of

this research. Through the joint authorship of D. Bergemann, S. Morris and O. Tercieux, D. Bergemann and

S. Morris have greatly improved this version; in particular, the notion of interim rationalizable monotonicity

has been developed in discussions between D. Bergemann, S. Morris and O. Tercieux. Finally, O. Tercieux

thanks the Institute for Advanced Study at Princeton for �nancial support through the Deutsche Bank

membership. He is also grateful to the Institute for its hospitality.
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willing to partially implement the social choice function, a lack of full implementation

may make the predictions based on partial implementation very unrobust to slight per-

turbations of the information structure. Taking into account the doubts a social planner

may have about his model, we characterize when a social choice function can be partially

continuously implemented.1

We consider a situation where the social planner (i) is willing to partially implement

in strict Nash equilibrium and (ii) wants to implement in a continuous manner. More

speci�cally, we require that in any model that embeds the initial model, there exists an

equilibrium that (i) is a strict equilibrium on the initial model, (ii) yields the desired

outcome, not only at all types of the initial model but also at all types �close�to initial

types. Of course, the notion of closeness in types is critical. To formalize this, we use the

method introduced by Harsanyi (1967) and developed in Mertens and Zamir (1985). Each

type in the initial model is mapped into a hierarchy of beliefs. Then, following the interim

approach due to Weinstein and Yildiz (2007), we de�ne a notion of �nearby�types. This

notion, formally described by the product topology in the universal type space, captures

the restrictions on the modeler�s ability to observe the players�(high order) beliefs.

Our main results state that this continuity requirement leads to necessary conditions

that are tightly linked to full implementation in rationalizable strategies. More speci�-

cally, we �rst show that a social choice function can be partially continuously implemented

only if it is monotonic. Monotonicity was �rst introduced by Maskin (1999) in a complete

information setting and was then generalized to the incomplete information setting by

Postlewaite and Schmeidler (1986) and further studied in Jackson (1991). While partial

implementation is often a quite weak requirement, monotonicity is known to have a lot of

bite.2 It is necessary for full implementation in Nash equilibrium and it is su¢ cient under

weak additional conditions when there are more than three players. Hence, our result

builds a �rst bridge between partial and full implementation. We then generalize this

1Bergemann and Morris (2005) is one of the �rst attempts to relax the implicit common knowledge

assumptions made in the mechanism design literature. In their setting, the modeler when choosing a

mechanism has no information on the real situation that will �nally prevail among agents. Consequently,

their notion of robust implementation follows a "global approach": a social choice function is robustly

(partially) implementable if it is (partially) implementable on all possible models. In contrast, we assume

that the planer has some speci�c model in mind and is quite con�dent about it. As a consequence, our

requirement is local: the social choice function must be implemented only at types �close�to types in the

initial model.
2For instance, under complete information, with more than three players, any social choice function can

be partially implemented while on the universal domain of preferences only constant social choice functions

are monotonic (see Saijo (1987)).
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result and show that interim rationalizable monotonicity3 �a generalization of Bayesian

monotonicity �is also a necessary condition for partial continuous implementation. Since,

with more than three players, some weak domain restrictions are enough for any interim

rationalizable monotonic social choice function to be fully implementable in rationaliz-

able strategies, we get a connection between partial continuous implementation and full

implementation in rationalizable strategies.

Finally, we discuss how far our conditions are from su¢ ciency. More precisely, we

drop the assumption that the planner is willing to partially implement in strict equilib-

rium (but keep the standard requirement of pureness) and slightly relax the assumption

that messages are cheap-talk (sending a message may involve an arbitrarily small cost).

We provide a full characterization of partial continuous implementation: a social choice

function is continuously implementable by a �nite mechanism if and only if it is fully

implementable in rationalizable messages.

Since the seminal paper by Rubinstein (1989) on the e-mail game, several approaches4

have been followed to analyze the connection between high order beliefs and strategic

behavior. These works share the common assumption that in the perturbed models, some

types may have preferences over action pro�les that are radically di¤erent from those of

types in the initial model5. Indeed, the behavior of these speci�c types is used as a starting

point for contagion processes that drive results in these analyses. Note that the meaning

of such an assumption in the mechanism design context (where the social planner �xes

the game form) is problematic. However, in the present paper, we show that the logic

of implementation makes this assumption unnecessary.6 Indeed, in mechanism design,

several di¤erent states of nature are ex ante possible for the social planner. Our argument

in the proof uses this multiplicity and shows that this setting is then rich enough: partial

implementation in the initial model is used as an (endogenous) starting point for the

contagion process at equilibrium.

3This notion is an interim formulation of a notion introduced by Bergemann and Morris (2011) in the

ex post setting. It was developed in discussions between D. Bergemann, S. Morris and O. Tercieux and is

the relevant necessary condition for interim rationalizable implementation. This can be shown using the

types of arguments in Bergemann and Morris (2011) and in Bergemann, Morris and Tercieux (2011).
4The notion of robustness due to Kajii and Morris (1997), the global games argument due to Carlsson

and Van Damme (1993) and the interim approach due to Weinstein and Yildiz (2007).
5This corresponds to the notion of "crazy types" in the robustness approach and to that of "dominance

regions" in the global games or in the interim approach.
6 In particular, our two main theorems will be derived with no assumption on the space of states of nature

which is in stark contrast with the richness assumption of Weinstein and Yildiz (2007) or its weakening

proposed by Chen (2010).
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2 Setting

We consider a �nite set of players I = f1; :::; Ig: Each agent i has a bounded utility
function ui : A � � ! R where � is the countable set of states of nature and A is the

set of outcomes. A mechanism speci�es a message set Mi for each agent i and a mapping

g from message pro�les to outcomes. More precisely, we write M as an abbreviation forQ
i2IMi and for each player i, M�i for

Q
j 6=iMj .7 A mechanism M is a pair (M; g)

where M is countable and the outcome function g : M ! A assigns to each message

pro�le m an alternative g(m) 2 A. In general, if X is a topological space, we treat it as a

measurable space with its Borel sigma-�eld and the space of Borel probability measures on

X is denoted �(X). Spaces �(X) are endowed with the topology of weak convergence of

measures. Unless otherwise speci�ed, if X is countable, it is treated as a topological space

endowed with the discrete topology. The only countable spaces that we may sometimes

treat di¤erently are type spaces; this point is detailed further in the text. The space of

outcomes A is not necessarily countable and is assumed to be a Hausdor¤ topological

space. By a slight abuse of notations, given a space X, we will sometimes note x for the

degenerate distribution in �(X) assigning probability 1 to fxg; g will also be extended to
measures i.e., given � 2

Q
i2I �(Mi), we abuse notations and note g(�) for the measure

� � g�1. Similarly, utility functions ui�s will be extended to measures over A.

Models

There are two main classes of situations with incomplete information. The �rst one

consists in situations with an ex ante stage during which each player observes a private

signal about the payo¤s, and the joint distribution of signals and payo¤s is commonly

known. These situations are naturally modelled using a standard type space. The sec-

ond class, on which we focus in this paper, consists in genuine situations of incomplete

information, i.e., situations with no ex ante stage: each player begins with a hierarchy of

beliefs. We follow the standard Harsanyi (1967)�s approach and model these hierarchies of

beliefs by introducing a hypothetical ex ante stage leading to a standard type space. This

allows us to study strategic behavior of players at types that are considered to be close to

a given original model.

A model T is a pair (T; �) where T = T1 � :::� TI is a countable8 type space which is
a complete and separable topological space and �(ti) 2 �(��T�i) denotes the associated
beliefs for each ti 2 Ti. We also note �(ti)[E] for the probability of any measurable set

7Similar abbreviations will be used throughout the paper for analogous objects.
8This assumption is made to ensure existence of Bayes Nash equilibrium in �nite games which will turn

out to be useful when we deal with su¢ cient conditions for continuous implementation. See also footnote

34 in the supplementary material section.
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E � �� T�i given by �(ti). The function �(ti) is assumed to be continuous with respect
to ti for each player i.9 In what follows, for two models T = (T; �) and T 0 = (T 0; �0), we
will note T � T 0 if T � T 0, the sigma �eld on each T 0i is the relative sigma �eld obtained

from each Ti and for all i; ti 2 T 0i : �(ti)[E] = �0(ti)[(� � T 0�i) \ E] for any measurable
E � �� T�i. Given a mechanismM and a model T ; we write U(M; T ) for the induced
incomplete information game. In this game, a (behavioral) strategy of a player i is any

measurable function �i : Ti ! �(Mi): We will note �i(mi j ti) for the probability that
strategy �i assigns to message mi when player i is of type ti. For each i 2 I and for each
belief �i 2 �(��M�i); we set

BRi(�i j M) = arg max
mi2Mi

X
(�;m�i)2��M�i

�i(�;m�i) [ui(g(mi;m�i); �)] :

Since we allow for in�nite mechanism, this set may be empty. Given any type ti and any

strategy pro�le ��i, we write �i(� j ti; ��i) 2 �(��M�i) for the joint distribution on the

underlying uncertainty and the other players�messages induced by ti and ��i.

De�nition 1 A pro�le of strategies � = (�1; :::; �I) is a Bayes Nash equilibrium in

U(M; T ) if for each i 2 I and each ti 2 Ti;

mi 2 Supp(�i(ti))) mi 2 BRi(�i(� j ti; ��i) j M).

Given two models T and T 0 such that T � T 0, and given a strategy � in U(M; T ), we
note �jT 0 for the strategy � restricted to T 0. It is easily checked that if � is a Bayes Nash

equilibrium in U(M; T ), then �jT 0 is also a Bayes Nash equilibrium in U(M; T 0).

Given a model (T; �) and any type ti in type space Ti, we can compute the belief of ti

on � by setting

h1i (ti) = marg��(ti),

which is called the �rst-order belief of ti. Similarly, we can compute the second-order

belief of ti; i.e., his beliefs about (�; h11(t1); :::; h
1
I(tI)) by setting

h2i (ti)[F ] = �(ti)[
�
(�; t�i) j (�; h11(t1); :::; h1I(tI)) 2 F

	
]

for each measurable F � � � �(�)I . Proceeding in this way, we can compute an

entire hierarchy of beliefs. Hence, a type of a player i induces an in�nite hierarchy

of beliefs (h1i (ti); h
2
i (ti); :::; h

`
i(ti); :::) where h

1
i (ti) 2 �(�) is a probability distribution

9Given that T is countable, the discrete topology makes T complete and separable. It also makes �(ti)

a continuous function w.r.t. ti for each player i. In general, we allow any topology on T that ensures these

properties.
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on �; representing the beliefs of i about �; h2i (ti) 2 �(� � �(�)I) is a probability
distribution representing the beliefs of i about � and the others��rst order beliefs, and so

on... Let us write hi(ti) for the resulting hierarchy and h`i(ti) for the `th-order beliefs of

type ti.

The set of all belief hierarchies for which it is common knowledge that the beliefs

are coherent (i.e., each player knows his beliefs and his beliefs at di¤erent orders are

consistent with each other) is the universal type space (see Mertens and Zamir (1985) and

Brandenburger and Dekel (1993)). We denote by T �i the set of player i
0s hierarchies of

beliefs in this space and write T � =
Y
i2I

T �i .

In our formulation, two types t and �t are close if there exists a su¢ ciently large ` such

that for each `0 � `; the `0th-order beliefs h`
0
(t) and h`

0
(�t) are close in the topology of con-

vergence of measures. To be more precise, each T �i is endowed with the product topology,

so that a sequence of types fti[n]g1n=0 converges to a type ti; if, for each ` : h`i(ti[n])! h`i(ti)

(i.e., h`i(ti[n]) converges toward h
`
i(ti) in the topology of weak convergence of measures

10).

In such a case, we write ti[n]!P ti.

We are now in a position to introduce the notion of continuous implementation. The

social planner considers a model and wants to analyze how strategic behavior is a¤ected

under his mechanism when the assumption that his model is common knowledge is relaxed.

In the sequel, we �x a �nite model �T = ( �T ; ��) which is the model the planner has in mind.
A social choice function11 (SCF, henceforth) is a mapping f : �T0 ! A where �T0 � �T .

In the sequel, �T0 will be interpreted as the set of pro�les of types that the planner cares

about. As will become clear, in some natural cases (e.g. complete information settings),

this may be a proper subset of �T .12

Again, in this paper, we focus on partial implementation. We will be considering two

notions of partial implementation, depending on the solution concept used, that yield two

notions of continuous implementation. Traditionally, implementation theory has focused

on pure Nash equilibria and a SCF f is said to be partially implementable by a mechanism

M if in the Bayesian game U(M; �T ), there is a pure Bayes Nash equilibrium that induces

f . We will also consider a stronger notion of partial implementation � namely, strict

partial implementation �replacing pure Bayes Nash equilibrium in the previous sentence

10Recall that hki (ti[n]) 2 �(Xk�1) where X0 = � and Xk = [�(Xk�1)]
I �Xk�1.

11 In the paper, we restrict our attention to social choice functions for simplicity. For social choice sets,

there are several notions of partial implementation one may use. In any cases, our results apply in an

obvious way, see footnote 20.
12For instance, Jackson (1991) assumes that each agent has a (common support) prior over �T . �T0 is

then de�ned as the set of pro�les of types to which agents assign strictly positive probability.
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by strict Bayes Nash equilibrium.13 Informally, a SCF will be said to be (resp. strictly)

continuously implementable if for any model containing the original benchmark model �T ,
there is a Bayes Nash equilibrium that (i) is pure (resp. strict) on the original model

i.e., we maintain the original requirement of partial implementation in pure (resp. strict)

equilibrium. As we will explain, this ensures that (resp. strict) continuous implementation

is a re�nement of (resp. strict) partial implementation. In addition, the Bayes Nash

equilibrium of the model containing the original benchmark model �T must be so that (ii)
if a type t is close to some type �t of the original model, then the outcome provided at t

is close to the desired outcome f(�t), i.e., we impose a continuity requirement. Such an

equilibrium will be said to continuously implement f . Formally,

De�nition 2 Fix a mechanism M and a model T such that �T � T . We say that an
equilibrium � in U(M; T ) (resp. strictly) continuously implements f : �T0 ! A if (i) �j �T
is a pure (resp. strict) Nash equilibrium in U(M; �T ) (ii) for any �t 2 �T0 and any sequence

t[n]!P �t where for each n : t[n] 2 T; we have (g � �)(t[n])! f(�t).14

We now state a formal de�nition of continuous implementation.

De�nition 3 A social choice function f : �T0 ! A is (resp. strictly) continuously imple-

mentable if there exists a mechanismM such that for each model T with �T � T , there is
an equilibrium � in U(M; T ) which (resp. strictly) continuously implements f .15

As already stated, the notion of (resp. strict) continuous implementation is a re�ne-

ment of (resp. strict) partial implementation. Indeed, if a social choice function is (resp.

strictly) continuously implementable, then (taking T = �T and using (i) above), there is

a pure (resp. strict) equilibrium � in U(M; �T ) satisfying (g � �)(�t) = f(�t) for any �t 2 �T0

i.e., the mechanismM must (resp. strictly) partially implements f .

13Strict Nash equilibria resist most standard re�nements in game theory. The planner may hence natu-

rally be willing to strengthen his requirement from partial implementation in pure Nash to partial imple-

mentation in strict Nash equilibrium. We note that in some standard contexts like complete information

settings, partial implementation in strict Nash equilibrium can be achieved for any social choice functions

when there are two or more players and when transfers are allowed.
14The function g � � is the composition of the mapping � : T !

Y
i2I

�(Mi) and of the mapping g :Y
i2I

�(Mi)! �(A).

15Our continuous implementation notion can be de�ned with other topologies than the product topology.

Two natural candidates are the uniform topology or the strategic topology (see Dekel, Fudenberg and

Morris (2006)). With these topologies, as expected, very permissive results can be shown. In particular,

partial implementation in strict equilibrium with a �nite mechanism is a su¢ cient condition for strict

continuous implementation.
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On the complete information benchmark. Our formalism allows �T0 to be a proper subset

of �T . In other terms, the planner may not care about achieving the right outcome at all

types in �T . One natural setting in which this will be the case is the complete information

setting. In this situation, given a �nite set of states of nature �, whenever the true state

is �, it is assumed to be common belief among agents. To incorporate this in our setting,

we de�ne the complete information model T CI = (TCI ; �) as follows: for each player i,

TCIi =
S
�2�

fti;�g and �(ti;�) = �(�;t�i;�) for all �, with �(�;t�i;�) the probability distribution

that puts probability 1 on f(�; t�i;�)g. Here, at the pro�le of types t� = (ti;�)i2I , players
believe with probability one that state � is the true state. They all believe that the others

believe that state � is the true state and so on... Hence, state � is common belief among

agents. Henceforth, such pro�les of types will be called complete information pro�les of

types. We consider that the model �T the planner has in mind is T CI . Note that there
are pro�les of types in �T that are not of complete information. Recall that, by de�nition,

the planner is willing to achieve the right outcome only at complete information pro�les

of types and at pro�les of types that are close to these pro�les of types. In our formalism,

this means that �T0 is equal to
S
�2�

ft�g, which is a proper subset of �T .

On SCFs de�ned on payo¤-relevant types. Most of the mechanism design literature as-

sumes that the social choice function depends only on states of nature (and not directly

on pro�les of types of agents). Our approach in that respect is more general. Consider

a social choice function f which now maps � into A. A simple way to incorporate this

formulation into our setting is to assume the existence of a mapping �� : �T ! � which for

each pro�le of types speci�es the state of nature that the planner associates to it. Then

de�ne ~f : �T ! A by ~f(t) = f(��(t)) for all t 2 �T . All our results can be applied to this

standard setting.

In the next section, we assume that the planner considers partial implementation in

strict Nash equilibrium in his benchmark model and so requires the SCF to be strictly

continuously implemented. In Section 4, we will relax the assumption that a continuous

equilibrium must be strict on the original model and show that similar results can be

obtained provided that we slightly depart from the assumption that messages are costless.

3 Main Results

The �rst subsection below presents our basic argument in the complete information bench-

mark. This allows a presentation of the core of our argument with very few technicalities.
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The second subsection treats the incomplete information case and provides our main re-

sults.

3.1 A simple illustration of the argument under complete information

In the sequel, �T0 is assumed to be equal to
S
�2�

ft�g. In this section, we show that any

social choice function f : �T0 ! A that is strictly continuously implementable satis�es

a strengthening of the well-known monotonicity condition de�ned in Maskin (1999). To

explain in words this condition, it states that in case the desired alternative di¤ers at

pro�les of types t� and t�0 , there must exist at least one agent who, if the true state were

�0 and he expected other agents to claim the state is �, could be o¤ered a reward a that

would give him a strict incentive to �report� the deviation of other agents, where the

reward a would not tempt him if the true state was in fact �, i.e., he would have a (strict)

incentive to �report truthfully�. So (strict) Maskin monotonicity essentially ensures the

elimination of some undesirable equilibria. Formally,

De�nition 4 The social choice function f : �T0 ! A is strict Maskin monotonic16 if for

every pair of states � and �0

1. f (t�) = f (t�0) whenever

ui (f (t�) ; �) > ui (a; �)) ui
�
f (t�) ; �

0� � ui
�
a; �0

�
, for all i and a; (?)

or, equivalently,

2. f (t�) 6= f (t�0) implies

ui (f (t�) ; �) > ui (a; �) and ui
�
a; �0

�
> ui

�
f (t�) ; �

0� , for some i and a.
The following result, which is a �rst step toward our main result, reduces the gap

between strict continuous implementation and full implementation in Nash equilibrium

since �as established by Maskin �the above monotonicity condition is "almost" su¢ cient

for full implementation. The strict version of Maskin monotonicity was introduced in

Bergemann, Morris and Tercieux (2011) where it was shown to be tightly connected to

full implementation in rationalizable strategies.17

16Maskin�s original de�nition is weaker: the strict inequality in (?) is replaced by a weak one.
17Maskin (1999) showed that with more than three players together with the assumption that f satis�es

the weak condition of No Veto Power, monotonicity actually implies full implementation in Nash equilib-

rium. In addition, with more than three players, under an economic condition and restricting attention

to social choice functions that are responsive (i.e. in distinct states it selects distinct outcomes), Berge-

mann, Morris and Tercieux (2011) showed that full implementation in rationalizable strategies of a strict

monotonic social choice function can be achieved.
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Theorem 1 The social choice function f is strictly continuously implementable only if it

is strict Maskin monotonic.

Proof of Theorem 1. Assume that there exists a mechanism M = (M; g) that

strictly continuously implements f: Pick t�; t�0 2 �T0 such that for each player i and for

each a 2 A; the relation (?) is satis�ed. We want to show that f(t�) = f(t�0).

We show that there exists a model T = (T; �) � T CI such that for any equilibrium �

that strictly continuously implements f , there is a sequence of types ft[n]g1n=1 in T such
that t[n] !P t�0 and (g � �)(t[n]) ! f(t�). By point (ii) of De�nition 2: (g � �)(t[n]) !
f(t�0); which implies f(t�) = f(t�0).

For this purpose, we build the desired model T = (T; �) in which for each player i,

each set Ti satis�es:

Ti = TCIi [
 1[
n=1

ti[n]

!
where ti[n] and � are de�ned recursively as follows. First, ti[1] is such that

margT�i�(ti[1])[t�i;�] = 1;

marg��(ti[1])[�
0] =

1

2
;

and

marg��(ti[1])[�] =
1

2
:

In addition, for each n � 2; ti[n] is de�ned by

margT�i�(ti[n])[t�i[n� 1]] = 1;

marg��(ti[n])[�
0] = 1� 1

n+ 1

and

marg��(ti[n])[�] =
1

n+ 1
:

Observe that each Ti is countable, and so is T .

Now pick any equilibrium � of the induced game U(M; T ) that strictly continuously
implements f . By point (i) in De�nition 2; �jTCI is a strict Nash equilibrium in U(M; �T )
and hence, �(t�) is a strict Nash equilibrium in the game of complete information where

payo¤s are given for each player i by ui(�; �). In addition, point (ii) in De�nition 2 implies
that (g � �)(t�) = f(t�). In the sequel, we note m�

i := �i(ti;�) and m� := �(t�). We have

for any player i and m0
i 6= mi :

ui(g(m
�); �) > ui(g(m

0
i;m

�
�i); �);
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and so,

ui(f(t�); �) > ui(g(m
0
i;m

�
�i); �).

By (?); this implies that

ui(f(t�); �
0) � ui(g(m

0
i;m

�
�i); �

0);

which in turn yields

ui(g(m
�); �0) � ui(g(m

0
i;m

�
�i); �

0);

i.e., m� is a pure Nash equilibrium in the game of complete information where payo¤s are

given for each player i by ui(�; �0). Now, by construction, under the equilibrium �, type

ti[1] believes with probability one that the other players play m�
�i. He assigns strictly

positive weight only to state �, under which m�
i is the unique best response against m

�
�i,

and to state �0, under which m�
i is a best response against m

�
�i. Hence, we must have:

�i(ti[1]) = m�
i .

Using a similar reasoning, it is easy to show inductively that for all n � 2

�i(ti[n]) = m�
i .

This means that for each n � 1; (g � �)(t[n]) = g(m�) = f(t�) and so obviously, (g �
�)(t[n])! f(t�) (as n!1) which completes the proof since t[n]!P t�0 (as n!1).

In the next section, we generalize the above result to the Bayesian setting. The ar-

gument relies on a general necessary condition (Lemma 1 below) for strict continuous

implementation which is implicitly used in the above proof. Let us brie�y explain how the

argument works. In the above proof, we established that strict continuous implementation

implies the existence of a strict Nash equilibrium �j �T in U(M; �T ) such that if m� is a Nash

equilibrium at state �0 (i.e., in the game of complete information where payo¤s are given

for each player i by ui(�; �0)) and m� is played by �j �T at t�, we must have g(m
�) = f(t�0).

Note that by a similar argument, one can show that strict continuous implementation

implies the existence of a strict Nash equilibrium �j �T in U(M; �T ) such that if m� is a

Nash equilibrium at state �0 and m� 2 �j �T ( �T ), we must have g(m�) = f(t�0).
18 Since this

property is true for any �0 2 �, strict continuous implementation implies the existence of
a strict Nash equilibrium �j �T in U(M; �T ) such that if a pure equilibrium ~� in U(M; �T )
satis�es ~�( �T ) � �j �T ( �T ), we must have g (~�(�t)) = f(�t) for all �t 2 �T0. As we will see, this

condition is also necessary for strict continuous implementation in the Bayesian setting

(Lemma 1) and implies the usual monotonicity condition of the social choice function.

18Here, given an equilibrium �, �( �T ) stands for the image of �, i.e.
[
�t2 �T

�(�t).
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3.2 The general argument under incomplete information

We now drop the restriction that the benchmark model �T is a complete information model.
In the sequel, to make the argument simpler, we assume that the planner cares about all

pro�les of types in �T , i.e., �T0 = �T . All de�nitions provided below can easily be adapted

to the case where �T0 is a proper subset of �T (as, for instance, in Jackson (1991)). All our

results as well can be extended in a straightforward way.

Our results show a tight connection between the notion of partial continuous imple-

mentation and full implementation in (interim correlated) rationalizable strategies. Let us

�rst recall the de�nition of (interim correlated) rationalizability given in Dekel, Fudenberg

and Morris (2006, 2007). Fix a mechanismM and a type space T . Let �i : Ti ! 2Minf;g
be a speci�cation of possible messages for each type of player i and let � = (�i)i2I .

De�nition 5 Given a mechanismM and a type space T , � = (�i)i2I is a best-reply set
in U(M; T ) if for each ti and mi 2 �i(ti), there exists �i 2 �(� � T�i �M�i) where

marg��T�i �i = �(ti); �i(�; t�i;m�i) > 0 =) m�i 2 ��i(t�i) and mi 2 BRi(marg��M�i

�i j M).

For each player i, the set of rationalizable messages at type �ti, denoted Ri(�ti j M; �T ),
is the set of messages mi such that mi 2 �i(�ti) for some best-reply set � = (�i)i2I . We
also note R(�t j M; �T ) for

Y
i2I

Ri(�ti j M; �T ). We say that a SCF f is implementable in

rationalizable strategies (or, rationalizable implementable) on �T if there is a mechanismM
under which for all �t 2 �T , (1) R(�t j M; �T ) 6= ; and (2) m 2 R(�t j M; �T ) ) g(m) = f(�t).

In the sequel, an equilibrium � will be considered as a single-valued best-reply set. Also,

given a best-reply set �, we will note �( �T ) for the image of � i.e.,
[
�t2 �T

�(�t).

As already mentioned, our argument in the proof of Theorem 1 shows that strict

continuous implementation implies the existence of a strict equilibrium �� on �T , under
which any equilibrium � satisfying �( �T ) � ��( �T ), must also satisfy g (�(�t)) = f(�t) for all
�t 2 �T . The result below shows that not only this must be true for any equilibrium �

satisfying �( �T ) � ��( �T ), but it is also true for best-reply sets. This lemma will generalize

to the incomplete information setting the idea of the contagion argument used in the proof

of Theorem 1. Our main results will be derived from this lemma.

Lemma 1 Assume f : �T ! A is strictly continuously implementable by a mechanismM.

There exists a strict equilibrium �� in U(M; �T ) such that if a best-reply set � = (�i)i2I in
U(M; �T ) satis�es �( �T ) � ��( �T ), then g (�(�t)) = ff(�t)g for all �t 2 �T .

Proof. See Appendix.
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Let us relate Lemma 1 to Weinstein and Yildiz (2004, 2007). To make the comparison

clearer, let us �x a (�nite) game and say that a pure equilibrium �� in the model �T is

continuous if for each model T � �T , there is an equilibrium � such that for any sequence

t[n]!P �t 2 �T (where for each n : t[n] 2 T ), we have �(t[n])! ��(�t).

Mimicking the argument in Weinstein and Yildiz (2004, 2007), it is easy to show that,

in generic games19, if a pure equilibrium �� in the model �T has full range (i.e., for each

player i and each action of this player, there is a type in �Ti who plays this action under

��), and if in addition, this equilibrium is continuous, then we must have R(�t j �T ) = f��(�t)g
for all �t 2 �T . Otherwise stated, if � = (�i)i2I is a best-reply set in the model �T ,
then �(�t) = f��(�t)g for all �t 2 �T . One important point behind this result is that if the

equilibrium �� has full range, and if there is a best-reply set � = (�i)i2I in the model �T
with �(�t) 6= f��(�t)g for some �t 2 �T , then, because the action pro�les played in the best-

reply set � (i.e., the action pro�les in �( �T )) are also played under �� at some pro�le of

types (i.e., �( �T ) � ��( �T )), we can use a contagion argument to exhibit a model T and

a sequence t[n] in this model that converges toward �t for which any equilibrium � (that

coincides with �� on �T ) is such that �(t[n]) does not converge toward ��(�t), i.e., showing

that �� is not continuous.

Given this observation, one simple generalization of Weinstein and Yildiz (2004, 2007)

would state that in generic games, if a pure equilibrium �� (that need not have full range)

in the model �T is continuous, then we must have that, if � = (�i)i2I is a best-reply set

in the model �T and �( �T ) � ��( �T ), then �(�t) = f��(�t)g for all �t 2 �T .

An important di¤erence between our setup and that of Weinstein and Yildiz (2004,

2007) is that, in our mechanism design setting, the game is not part of the primitives: it

is an endogenous object �xed by the social planner. Hence, we cannot make the assump-

tion that the game is generic. Nevertheless, the above lemma shows that if f is strictly

continuously implementable, then a necessary condition similar to that exhibited above

for the existence of a continuous equilibrium in the model �T arises.

We now show that the necessary condition for strict continuous implementation ex-

hibited in Lemma 1 implies Bayesian monotonicity. This notion was �rst introduced by

Postlewaite and Schmeidler (1986) followed by Jackson (1991). We �rst recall its de�ni-

tion.

De�nition 6 A deception is a collection of mappings � = (�i)
I
i=1 where each �i : �Ti !

2
�Ti. A deception � is acceptable if for all t 2 �T , t0 2 �(t) ) f(t0) = f(t). Deception � is

unacceptable if it is not acceptable.
19More precisely, when the set of strict rationalizable action pro�les is equal to the set of rationalizable

action pro�les in �T , which is true for a generic choice of payo¤s.
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De�nition 7 The social choice function f : �T ! A is Bayesian monotonic on ( �T ; ��)

if for every unacceptable single-valued deception � : �T ! �T ; there exist i; ti 2 �Ti and

y : �T ! A such thatX
�;~t�i

��(ti)[�; ~t�i]ui((y � �)(ti; ~t�i); �) >
X
�;~t�i

��(ti)[�; ~t�i]ui((f � �)(ti; ~t�i); �)

while X
�;~t�i

��(~ti)[�; ~t�i]ui(f(~ti; ~t�i); �) �
X
�;~t�i

��(~ti)[�; ~t�i]ui(y(�i(~ti); ~t�i); �)

for all ~ti 2 �Ti. The social choice function f : �T ! A is strict Bayesian monotonic on

( �T ; ��) if the above inequality is strict whenever ~ti = �i(ti).

To explain in words Bayesian monotonicity and how it relates to full implementation

in Bayes Nash equilibrium, let us brie�y interpret the di¤erent conditions of the de�nition.

As for Maskin monotonicity, Bayesian monotonicity ensures elimination of some undesir-

able equilibria. For instance, consider an equilibrium � which achieves the social choice

function. If agents use an unacceptable (single-valued) deception �, then the strategy

pro�le � �� should not be an equilibrium (since it does not achieve the social choice func-

tion). Now, the existence of y (in the de�nition of Bayesian monotonicity) with the stated

properties allows agent i to signal that � is played: the agent is rewarded according to y

which makes him strictly better-o¤ at type ti. The other part of the Bayesian monotonic-

ity condition ensures that agent i cannot gain by falsely accusing the other agents of using

deception �.

Our �rst main result is stated as follows.

Theorem 2 The social choice function f is strictly continuously implementable on ( �T ; ��)

only if it is strict Bayesian monotonic on ( �T ; ��).20

Proof. Let M be a mechanism that strictly continuously implements f . We �rst

make a simple remark: since a strict equilibrium �� in U(M; �T ) can be considered as a
single-valued best-reply set, Lemma 1 implies that for the strict equilibrium �� in U(M; �T )
20For a social choice set, one may say that it is partially implementable if it has an element that

is partially implementable. Our results then extend in an obvious way: a social choice set is strictly

continuously partially implementable if it has some element that satis�es Bayesian monotonicity. We note

that this is a bit di¤erent from the requirement that the social choice set itself is Bayesian monotonic in

the sense of Jackson (1991). One may also say that a social choice set is partially implementable if there

is a mechanism M under which, for any element of the set, there is an equilibrium that coincides with

this selection. In that case, a necessary condition for strict continuous partial implementation of a social

choice set would be Jackson�s Bayesian monotonicity.
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de�ned in this lemma, we must have (g � ��)(�t) = f(�t) for all �t 2 �T . Now, pick this strict

equilibrium ��. Consider a single-valued deception � : �T ! �T such that (f � �)(�t) 6= f(�t)

for some �t 2 �T (i.e., � is unacceptable). Let �̂ be de�ned by �̂ = �� � �. By de�nition of a
deception, �( �T ) � �T and hence, �̂( �T ) � ��( �T ). Consequently, since �̂ can be considered as
a single-valued correspondence and (g� �̂)(�t) = (g� ����)(�t) = (f ��)(�t) 6= f(�t), by Lemma

1, �̂ cannot be an equilibrium on ( �T ; ��). Given this, to show the existence of i; ti 2 �Ti and

y : �T ! A satisfying the conditions in the de�nition of Bayesian monotonicity, we just

have to mimic the usual argument: there exist i, ti 2 �Ti and some message ~mi 6= �̂i(ti)

such thatX
�;~t�i

��(ti)[�; ~t�i]ui(g( ~mi; �̂�i(~t�i)); �) >
X
�;~t�i

��(ti)[�; ~t�i]ui(g(�̂(ti; ~t�i)); �).

Now, let y : �T ! A be such that y(�t) = g( ~mi; ���i(�t�i)) for all �t 2 �T . We obtainX
�;~t�i

��(ti)[�; ~t�i]ui((y � �)(ti; ~t�i); �) >
X
�;~t�i

��(ti)[�; ~t�i]ui((f � �)(ti; ~t�i); �):

Since �� is an equilibrium in U(M; �T ) and (g � ��)(�t) = f(�t) for all �t 2 �T , it follows that for

all ~ti 2 �TiX
�;~t�i

��(~ti)[�; ~t�i]ui(g(��(~ti; ~t�i)); �) �
X
�;~t�i

��(~ti)[�; ~t�i]ui(g( ~mi; ���i(~t�i); �) (1)

which yieldsX
�;~t�i

��(~ti)[�; ~t�i]ui(f(~ti; ~t�i); �) �
X
�;~t�i

��(~ti)[�; ~t�i]ui(y(�i(~ti); ~t�i); �) (2)

for all ~ti 2 �Ti. Note that since ~mi 6= �̂i(ti) = ��i(�i(ti)) and since �� is a strict equilibrium,

for ~ti = �i(ti), the inequality (1) is strict and hence, inequality (2) is also strict. This

proves that f is strict Bayesian monotonic on ( �T ; ��).

The previous result shows that in so-called economic environments de�ned in Jackson

(1991) and under the usual additional conditions that ensure that Bayesian monotonicity is

su¢ cient for implementation, strict continuous implementation yields full implementation

in Bayes Nash equilibrium.21 Lemma 1 actually allows us to go one step further and

to prove that under some weak economic conditions, strict continuous implementation

21Recall that a SCF f is fully implementable in Bayesian Nash equilibrium if there is a mechanism that

partially implements f and for every Bayes Nash equilibrium � : �T ! M of the induced game g � � = f .
Bayesian monotonicity, incentive compatibility and no-veto-power of a SCF f are enough to ensure full

implementation of f in economic environments. This need not be true in general environments, see Jackson

(1991).
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yields full implementation in rationalizable strategies. To show this, we now move to the

notion of interim rationalizable monotonicity, a Bayesian version of a notion introduced

in Bergemann and Morris (2011) in the ex-post environment.

De�nition 8 The social choice function f : �T ! A is interim rationalizable monotonic

on ( �T ; ��) if for every unacceptable deception �, there exist i; ti; t0i 2 �i(ti) such that for

every  i 2 �(�� �T�i � �T�i) which satis�es the following two properties:

[1]  i(�; t�i; t
0
�i) > 0) t0j 2 �j(tj) for each j 6= i,

[2]
X
t0�i

 i(�; t�i; t
0
�i) = ��(ti)[�; t�i] for each (�; t�i),

there exists y� : �T�i ! A such thatX
�;t�i;t0�i

 i(�; t�i; t
0
�i)ui(y

�(t0�i); �) >
X

�;t�i;t0�i

 i(�; t�i; t
0
�i)ui(f(t

0
i; t

0
�i); �)

and, X
�;t�i

��(~ti)[�; t�i]ui(f(~ti; t�i); �) �
X
�;t�i

��(~ti)[�; t�i]ui(y
�(t�i); �)

for each ~ti 2 �Ti. The social choice function f : �T ! A is strict interim rationalizable

monotonic on ( �T ; ��) if the above inequality is strict whenever ~ti = t0i.

Let us here again brie�y explain in words interim rationalizable monotonicity and how

it relates to rationalizable implementation. Its role for rationalizable strategy pro�les is

very close to the role played for equilibria by Bayesian monotonicity. Interim rationalizable

monotonicity ensures elimination of some undesirable best-reply sets. For instance, if � is

a best-reply set containing rationalizable strategy pro�les that all achieve the social choice

function, then if agents use an unacceptable deception �, then � �� should not be a best-
reply set (since it does not achieve the social choice function). Now, interim rationalizable

monotonicity ensures that for some type ti, for any belief of this type which is consistent

with the other agents using the unacceptable deception �, there exists a function y� with

the stated properties which allows ti to signal that � is played: the agent is rewarded

according to y� and this makes him strictly better-o¤. As for Bayesian monotonicity, the

other part of the interim rationalizable monotonicity condition ensures that agent i cannot

gain by falsely accusing the other agents of using deception �.

It is easy to check that if a SCF is interim rationalizable monotonic then it is Bayesian

monotonic. We now state our third theorem which shows that our argument relating the

necessary condition in Lemma 1 to the notion of Bayesian monotonicity actually extends

to the more stringent notion of interim rationalizable monotonicity.
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Theorem 3 If f : �T ! A is strictly continuously implementable on ( �T ; ��) then f is strict

interim rationalizable monotonic on ( �T ; ��).

Proof. See Appendix.

As for Bayesian monotonicity, under a weak domain restriction, a SCF that is interim

rationalizable monotonic is rationalizable implementable (via a stochastic mechanism i.e., a

mechanism which associates lotteries over outcomes to each pro�le of messages) with more

than three players. Hence, Theorem 3 makes a connection between strict continuously

implementation and rationalizable implementation. Let us formally state this result.

Fix �T = ( �T ; ��) and recall that �(A) is the set of lotteries over the set of outcomes A
(which is assumed to be countable). Let us �x a social choice function f . We de�ne the

economic condition that will be needed. In order to do so, let Yi be the set of mappings

from types of player i�s opponents to lotteries satisfying the following property. Whatever

agent i�s actual type is, he would never prefer the outcome to be selected according to a

mapping in Yi to what he would obtain under the social choice function f if other agents

were reporting truthfully. Formally,

Yi :=

8<:y : �T�i ! �(A)

������
X
�;t�i

��(~ti)[�; t�i]ui(f(~ti; t�i); �) �
X
�;t�i

��(~ti)[�; t�i]ui(y(t�i); �) for all ~ti 2 �Ti

9=; :

Assumption 1 For all i, there exists �yi : �T�i ! �(A) such that the following holds. For

any  i 2 �(�� �T�i), there exists y(�) 2 Yi satisfyingX
�;t0�i

 i(�; t
0
�i)ui(y(t

0
�i); �) >

X
�;t0�i

 i(�; t
0
�i)ui(�yi(t

0
�i); �).

The above assumption says that if we consider preferences of player i over mappings

from �T�i to�(A), then there is a mapping �yi : �T�i ! �(A) that, whatever player i�s beliefs

over � � �T�i are, some mapping in Yi is preferred to �yi. This assumption is satis�ed in

several natural environments like the one where there exist transfers or bad outcomes that

are not desired by the social planner. More generally, it is also naturally satis�ed by the

appropriate Bayesian version of the no-worst-alternative condition as de�ned in Cabrales

and Serrano (2009) or Bergemann, Morris and Tercieux (2011).22 The su¢ ciency result

is stated as follows.

Proposition 1 Assume I � 3. If f : �T ! A satis�es interim rationalizable monotonicity and

if Assumption 1 holds, then f is interim rationalizable implementable with a stochastic

mechanism.
22No-worst-alternative condition requires that an agent never gets his worst outcome under the social

choice function.
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Proof. See Appendix.

Proposition 1 together with Theorem 3 yields the following corollary.

Corollary 1 Assume I � 3. If f : �T ! A is strictly continuously implementable and if

Assumption 1 holds, then f is interim rationalizable implementable.

4 Continuous implementation with small costs of messages

So far, we presented necessary conditions for strict continuous implementation that are

close to rationalizable implementation. Two questions are of obvious interest: �rst, can we

relax the requirement of strict continuous implementation to continuous implementation?

And then, how far are the necessary conditions from su¢ ciency? Let us make two simple

remarks. On the �rst hand, it is easily shown that continuous implementation by itself is

not enough to get our previous theorems.23 On the other hand, given the result by Dekel,

Fudenberg and Morris (2006) that the correspondence of (interim correlated) rationalizable

strategies is upper hemi-continuous in the product topology in the universal type space,

we know that if a SCF f is rationalizable implementable by a �nite mechanism and

the set of rationalizable strategies is a singleton, then f is actually strictly continuously

implementable. In the sequel, to address the two questions mentioned above, we depart

from the setting introduced so far by slightly relaxing the assumption that messages are

costless. Restricting our attention to �nite mechanisms, we obtain a full characterization

result for continuous implementation (as opposed to strict continuous implementation).

More precisely, we show that a SCF is continuously implementable by a �nite mechanism

if and only if it is implementable in rationalizable strategies by a �nite mechanism. This

will allow us to derive corollaries on virtual implementation which uses �nite mechanisms.

Small costs of messages

Sending a message usually requires to �ll in a questionnaire, to write a letter or to

make public some private information (like the willingness to pay for an object). All these

actions are not costless for the agents and a recent literature in implementation takes into

account potential costs of messages24. In this section, the social planner does not exclude

23To see this, consider the simple example where for any player i, state � and outcome a, ui(a; �) = 0.

Fix any model �T and any non-constant social choice function f . Consider a (direct) mechanism where each

player is asked to report his type (i.e. Mi = �Ti for each player i) and the outcome provided for a pro�le of

messages m is f(m). Since players are totally indi¤erent, for any model, any pro�le of strategy is a Bayes

Nash equilibrium. Hence, it is easily checked that f is continuously implemented by the above mechanism.

However, since players are totally indi¤erent and f is non-constant, f is not Bayesian monotonic on �T .
24See, for instance, Deneckere (2008), Matsushima (2008) and Kartik and Tercieux (2009).
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that some (arbitrarily) small costs of messages may exist even if in the benchmark model

messages are costless. In order to formalize this idea, we proceed as follows.

Given a mechanism M = (M; g), for each player i, we de�ne a cost function ci :

Mi � ~�! R+ where ~� is the space of states of nature associated with costs of messages.
We assume that ~� is rich enough. More precisely, it is de�ned by

~� =
[
i2I

[
mi2Mi

f~�mig [ f~�0g

where for each player i and each message mi; we have ci(mi; ~�
0
) = 0, ci(mi; ~�

mi
) = 0

and ci(m0
i;
~�
mi
) = � for all m0

i 6= mi; where � is a strictly positive parameter that can

be chosen arbitrarily close to 0.25 Note that since M is �nite, ~� is also �nite. Next,

we write �� = � � ~� for the extended set of states of nature. For a given state of

nature �� = (�; ~�) 2 ��; the utility function of player i for a given message mi and a

given outcome a is ui(a; �)� ci(mi; ~�). Recall that, in the benchmark model of the social

planner, there is no cost of messages. In other terms, the model �T = ( �T ; ��) is assumed

to be such that for any �ti 2 �Ti, marg~���(�ti)[
~�
0
] = 1. All de�nitions given in previous

sections, are naturally extended to this setup where the space of states of nature is ��. In

particular, the de�nition of continuous implementation (see De�nitions 2 and 3) can be

maintained: a social choice function f : �T ! A is continuously implementable26 if there

exists a mechanismM such that for each model T with �T � T , there is an equilibrium �

in U(M; T ) which continuously implements f .
Let us brie�y discuss our assumption on cost of messages. Technically, this construction

is used to break ties: if a type is indi¤erent between several messages, we can slightly

perturb his information so that this type has a unique best reply. This assumption is

reminiscent of the richness assumption used in Weinstein and Yildiz (2007). Indeed, if

one �xes a mechanism, the richness assumption would state that for any player i and

any message mi, there exists a state of nature where mi is strictly dominant for player

i, which is much stronger than our assumption. However, as we already mentioned, in

Weinstein and Yildiz (2007), the game is a primitive of the model which is not the case

in our context where the mechanism is chosen by the social planner. Consequently, our

construction, while logically �ne, is harder to assess. Nevertheless, in the literature on

partial implementation �which is the main focus of our paper �only direct mechanisms

(i.e., mechanisms where the message space Mi is equal to �Ti for each player i) are usually

considered. Indeed, because of the revelation principle, this is without loss of generality

25Abusing notations, we omit the dependence of the space ~� (and of the costs function ci(�; �)) with
respect to the given mechanismM. We also omit the dependence with respect to the parameter �.
26For simplicity, we maintain the assumption that �T0 = �T .
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for the characterization of incentive compatible SCFs. Direct mechanisms can naturally

be considered as part of the primitives.

Full Characterization Result

In the present setting, we obtain a full characterization result for �nite mechanisms

stated in Theorem 4 below. Its proof is available in the supplementary material. The

proof of the necessity part remains valid for arbitrary (countable) mechanisms, but the

su¢ ciency part does not extend to in�nite countable.27

Theorem 4 A social choice function f is continuously implementable by a �nite mecha-

nism if and only if it is rationalizable implementable by a �nite mechanism.28

Theorem 4 allows to derive corollaries when we relax the requirement of exact imple-

mentation to virtual implementation. Given that the virtual implementation literature

uses �nite mechanisms, it is natural to see how Theorem 4 can be applied there. In the

sequel, we assume that A is a metric space and note d the associated metric. Given a social

choice function f; for each � > 0, we note B�(f) = ff 0 : �T ! A : d(f 0(�t); f(�t)) < � for all
�t 2 �Tg. Following Abreu and Matsushima (1992a), we say that a social choice function
f is partially virtually implementable by �nite mechanisms if for each � > 0; there exists

a social choice function f 0 2 B�(f) that is partially implementable by a �nite mechanism
(that may depend on �). In the same way, we can extend the de�nition of continuous

implementation.

De�nition 9 A social choice function f is virtually continuously implementable by �nite

mechanisms if for all � > 0, there exists a social choice function f 0 2 B�(f) that is

continuously implementable by a �nite mechanism (that may depend on �).

We also say that a social choice function f is virtually rationalizable implementable by

�nite mechanisms if for all � > 0, there exists a social choice function f 0 2 B�(f) that is
rationalizable implementable by a �nite mechanism. Proposition 2 below directly follows

from Theorem 4.
27We built an example of a countable in�nite mechanism having the best-element property (see Kunimoto

and Serrano (2010)) that implements a social choice function in rationalizable strategies but does not

continuously implement. The example is available upon request.
28For comparison with Theorems 2 and 3, note that, if a SCF f is continuously implementable (under

the assumptions made in Section 4) by a �nite mechanism, then by Theorem 4, there is a �nite mechanism

that rationalizable implements f . A straightforward argument shows that f is partially implementable

in pure Nash equilibrium. Hence, f is fully implementable in pure Nash equilibrium and so is Bayesian

monotonic. Similarly, it can also be shown that f is rationalizable monotonic.
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Proposition 2 A social choice function f is virtually continuously implementable by �nite

mechanisms if and only if it is virtually rationalizable implementable by �nite mechanisms.

While the formulations in Proposition 2 and Theorem 4 are similar, their implications

are quite di¤erent. Indeed, Abreu and Matsushima (1992a)29 showed that under com-

plete information, and under some mild additional conditions, every social choice function

is virtually rationalizable implementable with three or more players. Since mechanisms

used in their paper are �nite, we know by Proposition 2 that they also ensure continuous

virtual implementation. Thus, under complete information, virtual continuous implemen-

tation is a lot less demanding than (exact) continuous implementation. However, we note

that whether the characterization of virtual continuous implementation is weak in general

is unclear. More precisely, in the Bayesian setting studied by Abreu and Matsushima

(1992b), Bayesian Incentive Compatibility and a measurability condition are both neces-

sary and su¢ cient for virtual implementation in rationalizable strategies and the strength

of the measurability condition is controversial. In particular, Serrano and Vohra (2001)

show that it may impose demanding restrictions.
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Appendix

A Proof of Lemma 1

To show the lemma, we build a model T̂ with �T � T̂ and denote by � a strict continuous
equilibrium in U(M; T̂ ). Let �� be �j �T and recall that �� must be a strict equilibrium in

U(M; �T ). The model T̂ will be built in such a way that for any best-reply set � = (�i)i2I
in U(M; �T ) satisfying �( �T ) � ��( �T ), any i 2 I, �ti 2 �Ti and mi 2 �i(�ti), there will exist
a sequence of types ft̂i[n]g1n=0 in T̂i such that (1) t̂i[n] !P �ti and (2) �i(t̂i[n]) = mi for

all n. This will yield (g � �)(t̂[n]) = g(m) for all n and so by the continuity requirement,

g(m) = f(�t). Thus, this will show that if a best-reply set � = (�i)i2I in U(M; �T ) satis�es
�( �T ) � ��( �T ), then g(�(�t)) = ff(�t)g for all �t 2 �T , as desired.

We de�ne the set E by:
E := [q2N�f

1

q
g [ f0g:

In the sequel, C denotes the countable30 set of strict Nash equilibria in U(M; �T ). We will
sometimes abuse notations and write � � �� instead of �( �T ) � ��( �T ). Now we build the

model T̂ = (T̂ ; �̂) as follows. For each " 2 E , equilibrium �� 2 C, best-reply set � = (�i)i2I
in U(M; �T ) satisfying �( �T ) � ��( �T ), each integer `, type �ti 2 �Ti and message mi 2 �i(�ti),
we build inductively t̂i["; ��;�; `; �ti;mi] and set

T̂i =
[
"2E

[
��2C

[
�:����

1[
`=1

[
�ti2 �Ti

[
mi2�i(�ti)

t̂i["; ��;�; `; �ti;mi] [ �Ti.

Note that T̂i is countable.31

For each �� 2 C, we know that for each best-reply set � = (�i)i2I in U(M; �T ) satisfying
�( �T ) � ��( �T ), player i of type �ti 2 �Ti andmi 2 �i(�ti), there exists �mi

�ti
2 �(�� �T�i�M�i)

such that

marg�� �T�i �
mi
�ti
= ��(�ti);

marg �T�i�M�i �
mi
�ti
(�t�i;m�i) > 0) m�i 2 ��i(�t�i);

and

mi 2 BRi(marg��M�i �
mi
�ti
j M):

In addition, since each �� 2 C is a strict equilibrium in U(M; �T ), we know that for each
player i and message mi 2 �i( �Ti) � ��i( �Ti), there exists �

mi� 2 �(� � �T�i �M�i) such

30Recall that M is countable and �T is �nite.
31 Indeed, the set of best-reply sets � satisfying � � �� is �nite.
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that fmig = BRi(marg��M�i �
mi� j M). We note that for all " > 0 :

fmig = BRi((1� ") marg��M�i�
mi
�ti
+ " marg��M�i�

mi
� j M). (3)

For each equilibrium �� 2 C, best-reply set � = (�i)i2I in U(M; �T ) satisfying �( �T ) �
��( �T ), player i 2 I and message mi 2 �i( �Ti), we let ti[��;�;mi] 2 �Ti be a type such that

��i(ti[��;�;mi]) = mi, which is well-de�ned since mi 2 �i( �Ti) � ��i( �Ti).

We now de�ne t̂i["; ��;�; `; �ti;mi] inductively on `. First, we let t̂i["; ��;�; 1; �ti;mi] be

such that �̂(t̂i["; ��;�; 1; �ti;mi]) satis�es

�̂(t̂i["; ��;�; 1; �ti;mi]) = (1� ")�mi
�ti
�
�
� ";1�i

��1
+ "�mi

� �
�
� ";1�i

��1
(4)

where
�
� ";1�i

��1
stands for the preimage of the function � ";1�i : � � �T�i � M�i ! � �

T̂�i, de�ned by �
";1
�i (�; �t�i;m�i) = (�; t�i[��;�;m�i]). Note that

�
� ";1�i

��1
is a set-valued

function and that
�
� ";1�i

��1
(�; t�i) = f;g whenever t�i =2 �T�i. Now for each ` � 2, de�ne

t̂i["; ��;�; `; �ti;mi] inductively by

�̂(t̂i["; ��;�; `; �ti;mi]) = (1� ")�mi
�ti
�
�
� ";`�i

��1
+ "�mi

� �
�
� ";`�i

��1
where

�
� ";`�i

��1
stands for the preimage of the function � ";`�i : � � �T�i �M�i ! � � T̂�i;

de�ned by � ";`�i (�; �t�i;m�i) =
�
�; t̂�i["; ��;�; `� 1; �t�i;m�i]

�
.

Claim 1 For each �� 2 C, best-reply set � = (�i)i2I in U(M; �T ) satisfying �( �T ) � ��( �T ),
i, �ti 2 �Ti and mi 2 �i(�ti) : t̂i["̂(`); ��;�; `; �ti;mi] !P �ti as ` ! 1 for some mapping "̂

taking values in Enf0g.

To prove this claim, we will use the following well-known lemma.

Lemma 2 (Mertens and Zamir (1985) and Brandenburger and Dekel (1993))

Let T = (T; �) be any model such that �� T is complete and separable and �(�) is a con-
tinuous function of ti for each player i. Then, the mapping h : T ! T � is continuous.

Proof of Claim 1. In the sequel, we will note �h the mapping that projects �T into

T � and, in a similar way, ĥ the mapping from T̂ to T �. By Lemma 2, these mappings are

continuous32.
32A type in T̂i is either in �Ti �which is endowed with the discrete topology, say �Ti �or in T̂in �Ti. Any

point in T̂in �Ti is identi�ed with an element of the set E �C�
�
� : �T ! 2Mnf;g

���( �T ) 2 S 	�N� �Ti�Mi

where S is de�ned as the set of pro�le of messages M 0 such that M 0 � ��( �T ) for some �� in C. The sets C,�
� : �T !M

���( �T ) 2 S 	, N; �Ti and Mi are all (countable and) endowed with the discrete topology while E
is endowed with the usual topology on R induced on E . Finally, E�C�

�
� : �T !M

���( �T ) 2 S 	�N� �Ti�Mi

is endowed with the product topology; call this topology � T̂in �Ti . The topology over T̂i is the coarsest

topology that contains � �Ti [ � T̂in �Ti . It can easily be checked that under such a topology, T̂ satis�es the

conditions of Lemma 2.
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In the sequel, we �x �� and a best-reply set � = (�i)i2I in U(M; �T ) satisfying �( �T ) �
��( �T ). Since for all `0 � 1 and all �ti;mi : t̂i["; ��;�; `

0; �ti;mi] ! t̂i[0; ��;�; `
0; �ti;mi] as

" ! 0, by continuity, for all `0 � 1, all ` � 1 and all �ti;mi : ĥ
`
i

�
t̂i["; ��;�; `

0; �ti;mi]
�
!

ĥ`i
�
t̂i[0; ��;�; `

0; �ti;mi]
�
as "! 0.

Let us now show inductively on ` that for all ` � 1 and `0 � ` : ĥ`i
�
t̂i[0; ��;�; `

0; �ti;mi]
�
=

�h`i (�ti) for each i; �ti and mi 2 �i(�ti). First notice that the �rst order beliefs are equal, i.e.,
for all `0 � 1 :

ĥ1i
�
t̂i[0; ��;�; `

0; �ti;mi]
�
= marg� �̂(t̂i[0; ��;�; `

0; �ti;mi])

= marg� �mi
�ti
�
�
�0;`

0

�i

��1
= marg� �mi

�ti
= marg� ��(�ti) = �h

1
i (�ti)

where the third and the fourth equalities are by de�nition of �0;`
0

�i and �
mi
�ti
respectively.

Now �x some ` � 2 and let L be the set of all belief pro�les of players other than i at order
` � 1. Toward an induction, assume that for all `0 � ` � 1 : ĥ`�1j (t̂j [0; ��;�; `

0; �tj ;mj ]) =

�h`�1j (�tj) for each j, �tj 2 �Tj and mj 2 �j(�tj). Then for all `0 � ` : proj��L �
�
id� � ĥ�i

�
�

�0;`
0

�i = proj��L �
�
id� � �h�i � idM�i

�
where id� (resp. idM�i) is the identity mapping

from � to � (resp. from M�i to M�i) while proj��L (resp. proj��L) is the projection

mapping from ��T ��i to ��L (resp. from ��T ��i�M�i to ��L); hence, for all `0 � ` :

marg��L �̂(t̂i[0; ��;�; `
0; �ti;mi]) �

�
id� � ĥ�i

��1
= marg��L �

mi
�ti
�
�
�0;`

0

�i

��1
�
�
id� � ĥ�i

��1
= �mi

�ti
�
�
�0;`

0

�i

��1
�
�
id� � ĥ�i

��1
�
�
proj��L

��1
= �mi

�ti
�
�
id� � �h�i � idM�i

��1 � �proj��L��1
= marg��L �

mi
�ti
�
�
id� � �h�i � idM�i

��1
= marg��L ��(�ti) �

�
id� � �h�i

��1 .
Therefore,

ĥ`i(t̂i[0; ��;�; `
0; �ti;mi]) = �ĥ`�1i (t̂i[0;��;�;`0;�ti;mi])

�marg��L �̂(t̂i[0; ��;�; `0; �ti;mi]) �
�
id� � ĥ�i

��1
= ��h`�1i (�ti)

�marg��L ��(�ti) �
�
id� � �h�i

��1
= �h`i(�ti)

showing that ĥ`i(t̂i[0; ��;�; `
0; �ti;mi]) = �h`i(�ti). Thus, we have proved that for all ` � 1

and `0 � ` : ĥ`i
�
t̂i[0; ��;�; `

0; �ti;mi]
�
= �h`i (�ti) for each i; �ti and mi 2 �i(�ti) which means

that t̂i[0; ��;�; `0; �ti;mi] !P �ti as `0 ! 1 for each i, �ti and mi 2 �i(�ti). In addition, we
know that for all `0 � 1, all i; �ti;mi : t̂i["; ��;�; `

0; �ti;mi] !P t̂i[0; ��;�; `
0; �ti;mi] as " ! 0.

Since T � is a metrizable space, t̂i["̂(`0); ��;�; `0; �ti;mi] !P �ti as `0 ! 1 for some function

"̂ : N� ! Enf0g satisfying lim`0!1 "̂(`0) = 0.
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Claim 2 For each �� 2 C, each best-reply set � = (�i)i2I in U(M; �T ) satisfying �( �T ) �
��( �T ), " 2 Enf0g, `, i, �ti 2 �Ti and mi 2 �i(�ti), we have: �i(t̂i["; ��;�; `; �ti;mi]) = mi for

any equilibrium � of U(M; T̂ ) satisfying �j �T = ��.

Proof. Fix an equilibrium � of U(M; T̂ ) satisfying �j �T = ��. We will show by induction
on ` that for all " > 0 and ` � 1: �i(t̂i["; ��;�; `; �ti;mi]) = mi for all player i, type �ti 2 �Ti

and all messages mi 2 �i(�ti).
Recall that, by construction, for all �ti 2 �Ti andmi 2 �i(�ti) : ti[��;�;mi] 2 �Ti is the type

such that �i(ti[��;�;mi]) = ��i(ti[��;�;mi]) = mi. First, �x " > 0, �ti 2 �Ti and mi 2 �i(�ti)
and let us prove that �i(t̂i["; ��;�; 1; �ti;mi]) = mi. For each t̂i["; ��;�; 1; �ti;mi]; de�ne the

belief

�";1i = �̂(t̂i["; ��;�; 1; �ti;mi]) � 
�1 2 �(�� T̂�i �M�i)

where 
 : (�; t�i[��;�;m�i]) 7! (�; t�i[��;�;m�i];m�i). Note that by construction, �
";1
i

is the belief of type t̂i["; ��;�; 1; �ti;mi] on � � T̂�i �M�i when he believes that m�i is

played at each (�; t�i[��;�;m�i]). Hence, for each " � 0, �";1i corresponds to beliefs of type

t̂i["; ��;�; 1; �ti;mi] when the equilibrium � is played. Now, by Equation (4), the belief �";1i
of type t̂i["; ��;�; 1; �ti;mi] satis�es

marg��M�i �
";1
i

= (1� ") marg��M�i �
mi
�ti
�
�
� ";1�i

��1
� (
)�1 + " marg��M�i �

mi
� �

�
� ";1�i

��1
� (
)�1

= (1� ") marg��M�i �
mi
�ti
+ " marg��M�i �

mi
� .

For " > 0, by Equation (3) and the construction of �";1i ; fmig = BRi(marg��M�i

�";1i j M) and �i(t̂i["; ��;�; 1; �ti;mi]) = mi.

Now, for each ` � 2; proceed by induction and assume that ��i(t̂�i["; ��;�; `�1; �t�i;m�i]) =

m�i for any �t�i 2 �T�i, m�i 2 ��i(�t�i) and " > 0. Fix " > 0, i, �ti 2 �Ti and mi 2 �i(�ti).
For each t̂i["; ��;�; `; �ti;mi]; de�ne the belief

�";`i = �̂(t̂i["; ��;�; `; �ti;mi]) � 
�1` 2 �(�� T̂�i �M�i)

where 
` : (�; t̂�i["; ��;�; `� 1; �t�i;m�i]) 7! (�; t̂�i["; ��;�; `� 1; �t�i;m�i];m�i).

Note that, by construction, �";`i is the belief of type t̂i["; ��;�; `; �ti;mi] on ��T̂�i�M�i

when he believes that m�i is played at each (�; t̂�i["; ��;�; `� 1; �t�i;m�i]). Hence, by the

induction hypothesis, for each " � 0, �";`i corresponds to beliefs of type t̂i["; ��;�; `; �ti;mi]

when the equilibrium � is played. The end of the proof mimics the case ` = 1.
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B Proof of Theorem 3

Suppose f is strictly continuously implementable on ( �T ; ��) and �x a mechanismM that

strictly continuously implements f . Take the strict equilibrium �� : �T ! M obtained in

Lemma 1 and pick any unacceptable deception � : �T ! �T . Note that there must exist

some �t and �t0 in �T such that �t0 2 �(�t) with f(�t0) 6= f(�t). Given that g � �� = f , this yields

(g � �� � �)(�t) 6= ff(�t)g. Thus, Lemma 1 together with the fact that the correspondence
�� �� = �i2I (��i � �i) satis�es (�� ��)( �T ) � ��( �T ), implies that �� �� cannot be a best-reply
set. In other words, there exist i; ti; t0i 2 �i(ti) and m�

i = ��i(t
0
i) 2 ��i � �i(ti) such that for

all �i 2 �(� � �T�i �M�i) satisfying [i] �i(�; t�i;m�i) > 0 ) mj 2 (��j � �j)(tj) for all
j 6= i; [ii]

X
m�i

�i(�; t�i;m�i) = ��(ti)[�; t�i] for each (�; t�i), there exists ~mi 6= m�
i such that

X
�;m�i

marg��M�i �i(�;m�i)ui(g( ~mi;m�i); �) >
X
�;m�i

marg��M�i �i(�;m�i)ui(g(m
�
i ;m�i); �):

(5)

Now, let  i 2 �(�� �T�i � �T�i) be such that

[1]  i(�; t�i; t
0
�i) > 0) t0j 2 �j(tj) for each j 6= i, and,

[2]
X
t0�i

 i(�; t�i; t
0
�i) = ��(ti)[�; t�i] for each (�; t�i).

Set �i(�; t�i;m�i) :=
X
t0�i

 i(�; t�i; t
0
�i)���i(m�i j t0�i). Note that �i satis�es [i] and [ii].

Thus, there exists ~mi 6= m�
i such that Equation (5) is satis�ed. Or equivalently,X

�;m�i

X
t�i

X
t0�i

 i(�; t�i; t
0
�i)���i(m�i j t0�i)ui(g( ~mi;m�i); �)

>
X
�;m�i

X
t�i

X
t0�i

 i(�; t�i; t
0
�i)���i(m�i j t0�i)ui(g(m�

i ;m�i); �);

and so, X
�;t�i;t0�i

 i(�; t�i; t
0
�i)ui(g( ~mi; ���i(t

0
�i)); �)

>
X

�;t�i;t0�i

 i(�; t�i; t
0
�i)ui(g(m

�
i ; ���i(t

0
�i)); �);

which yieldsX
�;t�i;t0�i

 i(�; t�i; t
0
�i)ui(y

�(t0�i); �) >
X

�;t�i;t0�i

 i(�; t�i; t
0
�i)ui(f(t

0
i; t

0
�i); �)
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where y�(�) := g( ~mi; ���i(�)) and using the fact that m�
i = ��i(t

0
i) and g � �� = f . Now to

complete the proof, we have to show that for each ~ti 2 �Ti :X
�;t�i

��(~ti)[�; t�i]ui(f(~ti; t�i); �) �
X
�;t�i

��(~ti)[�; t�i]ui(y
�(t�i); �)

This is true because for each ~ti 2 �Ti :X
�;t�i

��(~ti)[�; t�i]ui(y
�(t�i); �)

=
X
�;t�i

��(~ti)[�; t�i]ui(g( ~mi; ���i(t�i)); �)

�
X
�;t�i

��(~ti)[�; t�i]ui(g(��i(~ti); ���i(t�i)); �)

=
X
�;t�i

��(~ti)[�; t�i]ui(f(~ti; t�i); �)

where the inequality above comes from the fact that �� is an equilibrium in U(M; �T )
while the last equality is obtained using the fact g � �� = f . Note that since �� is a strict

equilibrium and ~mi 6= m�
i = ��(t

0
i), the above inequality is strict when ~ti = t0i. This proves

that f is strict interim rationalizable monotonic.

C Proof of Proposition 1

Before proving this proposition, let us make the following simple remark.

Remark 1 It is easily checked that Assumption 1 yields that, for all i, there exists ŷi 2
�(A) such that the following holds. For any �i 2 �(�), there exists y 2 �(A) such thatX

�

�i(�)ui(y; �) >
X
�

�i(�)ui(ŷi; �).

Note that here ŷi and y are lotteries (and not mappings).

Before proving the proposition, we will need the following lemma which is an extension

to the Bayesian setting of Lemma 1 in Bergemann and Morris (2011).33

Lemma 3 If f is interim rationalizable monotonic then f is incentive compatible, i.e.,

for all i and ti 2 �Ti :X
�;t�i

��(ti)[�; t�i]ui(f(ti; t�i); �) �
X
�;t�i

��(ti)[�; t�i]ui(f(t
0
i; t�i); �)

for all t0i.

33 It is easily checked that as in Bergemann and Morris (2011), we actually prove here that f is semi-strict

incentive compatible, i.e. a strengthening of incentive compatibility.
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Proof. Assume f is interim rationalizable monotonic. Fix any player i and ti; t0i. If

f(ti; t�i) = f(t0i; t�i) for all t�i, we trivially haveX
�;t�i

��(ti)[�; t�i]ui(f(ti; t�i); �) �
X
�;t�i

��(ti)[�; t�i]ui(f(t
0
i; t�i); �):

Now, assume that f(ti; t̂�i) 6= f(t0i; t̂�i) for some t̂�i. To complete the proof, we will show

that X
�;t�i

��(ti)[�; t�i]ui(f(ti; t�i); �) >
X
�;t�i

��(ti)[�; t�i]ui(f(t
0
i; t�i); �):

Build the deception � as follows: for each j 6= i; �j(tj) = ftjg and �i(~ti) =
(
fti; t0ig if ~ti = ti

f~tig otherwise
.

Note that � is an unacceptable deception: indeed, (t0i; t̂�i) 2 �(ti; t̂�i) while f(t0i; t̂�i) 6=
f(ti; t̂�i). It is easily checked that, by interim rationalizable monotonicity, the following

condition holds for ti and t0i 2 �i(ti). For every  i 2 �(�� �T�i � �T�i) such that

[1]  i(�; t�i; t
0
�i) > 0) t0j 2 �(tj) for each j 6= i

[2]
X
t0�i

 i(�; t�i; t
0
�i) = ��(ti)[�; t�i] for each (�; t�i)

there exists y� : �T�i ! A such thatX
�;t�i;t0�i

 i(�; t�i; t
0
�i)ui(y

�(t0�i); �) >
X

�;t�i;t0�i

 i(�; t�i; t
0
�i)ui(f(t

0
i; t

0
�i); �)

and X
�;t�i

��(~ti)[�; t�i]ui(f(~ti; t�i); �) �
X
�;t�i

��(~ti)[�; t�i]ui(y
�(t�i); �)

for each ~ti 2 �Ti.

Now to complete the proof, build  i(�; t�i; t
0
�i) = ��(ti)[�; t�i]�ft�ig(t

0
�i) where �ft�ig

is the dirac measure on ft�ig; it is clear that [1]  i(�; t�i; t0�i) > 0) t0j 2 �j(tj) for each
j 6= i and that [2]

P
t0�i

 i(�; t�i; t
0
�i) = ��(ti)[�; t�i] for each (�; t�i). Hence, there must exist

y� : �T�i ! �(A) such thatX
�;t�i

��(ti)[�; t�i]ui(y
�(t�i); �) >

X
�;t�i

��(ti)[�; t�i]ui(f(t
0
i; t�i); �) (6)

and X
�;t�i

��(ti)[�; t�i]ui(f(ti; t�i); �) �
X
�;t�i

��(ti)[�; t�i]ui(y
�(t�i); �). (7)

Equations (6) and (7) above yieldX
�;t�i

��(ti)[�; t�i]ui(f(ti; t�i); �) >
X
�;t�i

��(ti)[�; t�i]ui(f(t
0
i; t�i); �),
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the desired result.

We are now in a position to prove Proposition 1.

Proof of Proposition 1. The proof is by construction of a canonical mechanismM
that implements in rationalizable strategies f when I � 3. Each agent i sends a message
mi = (m

1
i ;m

2
i ;m

3
i ;m

4
i ); where m

1
i 2 �Ti; m

2
i 2 N, m3

i (�) 2 Yi and m4
i 2 �(A). The outcome

g(m) is determined by the following rules:

Rule 1 : If m2
i = 1 for all i; pick f(m

1)

Rule 2: If there exists j such that m2
i = 1 for all i 6= j and m2

j > 1, then pick m3
j (m

1
�j)

with probability 1� 1
m2
j+1

and �yj(m1
�j) with probability

1
m2
j+1

where �yj(�) is as de�ned in
Assumption 1.

Rule 3: In all other cases, for each i, with probability 1
I

�
1� 1

m2
i+1

�
pick m4

i and with

probability 1
I

�
1

m2
i+1

�
pick ŷi where ŷi is de�ned in Remark 1.

The following three claims complete the proof.

Claim 3 For each player i and type ti : Ri(ti j M; �T ) is non-empty.

Proof. We will check that for any m3
i and m

4
i , (ti; 1;m

3
i ;m

4
i ) 2 Ri(ti j M; �T ). To be

more precise, for each ti, we de�ne �i(ti) = fmi 2 Mi j m1
i = ti and m2

i = 1g and check
that � = (�i)i2I is a best-reply set in U(M; �T ). Fix i, ti and any selection m�i (�) of
��i (�). For �i 2 �(�� �T�i�M�i) de�ned by �i(�; t�i;m�i) = ��(ti)[�; t�i]�m�i(t�i)(m�i),

we clearly have marg�� �T�i�i = ��(ti) and �i(�; t�i;m�i) > 0 =) m�i 2 ��i(t�i). In

addition, it is easily checked that for all mi 2 �i(ti) :X
�;m�i

marg��M�i �i(�;m�i)ui(g(mi;m�i); �) =
X
�;t�i

��(ti)[�; t�i]ui(f(ti; t�i); �).

Since, by Lemma 3, f is incentive compatible and since m3
i (�) 2 Yi, by construction of

the mechanism, we have mi 2 BRi(marg��M�i�i j M) for all mi 2 �i(ti) proving that
� = (�i)i2I is indeed a best-reply set in U(M; �T ).

So far we have proved that the set of rationalizable strategy pro�les in U(M; �T ) is
non-empty. It remains to show that all rationalizable strategy pro�les yield the desired

outcome at any pro�le of types. This is established via the following two claims.

Claim 4 For any player i and type ti, it is never a best-reply to send a message with

m2
i > 1.

Proof. Fix any player i of type ti and pick any message mi = (m
1
i ;m

2
i ;m

3
i ;m

4
i ) such

that m2
i > 1. Suppose that ti has belief �i 2 �(� � T�i �M�i). Let us consider �i :=
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marg��M�i �i. We can partition the messages of the other agents as follows. For each

t�i :

M�
�i(t�i) = fm�i j m2

j = 1 for all j 6= i and m1
�i = t�ig;

and

M̂�i = fm�i j m2
j > 1 for some j 6= ig:

Clearly, for m�i 2 M�
�i(t�i) for some t�i, (mi;m�i) falls into Rule 2 of the mecha-

nism while for m�i 2 M̂�i, (mi;m�i) falls into Rule 3. Now, if for some t0�i, we haveP
m�i2M�

�i(t
0
�i)

�i(�;m�i) > 0, set  i 2 �(� � �T�i) such that for all (�; t0�i),  i(�; t
0
�i) :=

�
P

m�i2M�
�i(t

0
�i)

�i(�;m�i) where the constant � is chosen so that
P
�;t0�i

 i(�; t
0
�i) = 1. By

Assumption 1, there exists y(�) 2 Yi such thatX
�;t0�i

 i(�; t
0
�i)ui(y(t

0
�i); �) >

X
�;t0�i

 i(�; t
0
�i)ui(�yi(t

0
�i); �).

Hence, if mi is a best-response to �i (and
P

m�i2M�
�i(t

0
�i)

�i(�;m�i) > 0 for some t0�i), by

construction of the mechanism, we must haveX
t0�i

X
�

X
m�i2M�

�i(t
0
�i)

�i(�;m�i)ui(m
3
i (t

0
�i); �) (8)

>
X
t0�i

X
�

X
m�i2M�

�i(t
0
�i)

�i(�;m�i)ui(�yi(t
0
�i); �).

Now, if
P

m�i2M̂�i

�i(�;m�i) > 0, set �i(�) := �
P

m�i2M̂�i

�i(�;m�i) where here again, the

constant � is chosen so that
P
�

�i(�) = 1. By Remark 1, there exists y 2 �(A) such thatX
�

�i(�)ui(y; �) >
X
�

�i(�)ui(ŷi; �)).

Hence, if mi is a best-response to �i (and
P

m�i2M̂�i

�i(�;m�i) > 0), by construction of the

mechanism, we must have

X
�

X
m�i2M̂�i

�i(�;m�i)ui(m
4
i ; �) >

X
�

X
m�i2M̂�i

�i(�;m�i)ui(ŷi; �): (9)

Now, Equations (8) and (9) together show that if mi = (m
1
i ;m

2
i ;m

3
i ;m

4
i ) were a best re-

sponse, then since with probability one, either rule 2 or 3 is sparked (i.e., either
P

m�i2M�
�i(t

0
�i)

�i(�;m�i) >

0 for some t0�i or
P

m�i2M�
�i(t

0
�i)

�i(�;m�i) > 0), (m1
i ;m

2
i+1;m

3
i ;m

4
i ) would be an even better

response, a contradiction.

To complete the proof, it is enough to prove the following claim.
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Claim 5 Let �i(ti) := ft0i : (t0i; 1;m3
i ;m

4
i ) 2 Ri(ti j M; �T ) for some (m3

i ;m
4
i )g. The

deception � := �i�i is acceptable.

Proof. By contradiction. Assume that � is an unacceptable deception. By interim

rationalizable monotonicity, we know that there exists i; ti; t0i 2 �i(ti) such that for every
 i 2 �(�� �T�i � �T�i) satisfying

[1]  i(�; t�i; t
0
�i) > 0) t0j 2 �j(tj) for each j 6= i;

[2]
X
t0�i

 i(�; t�i; t
0
�i) = ��(ti)[�; t�i] for each (�; t�i);

there exists y� 2 Yi such thatX
�;t�i;t0�i

 i(�; t�i; t
0
�i)ui(y

�(t0�i); �) >
X

�;t�i;t0�i

 i(�; t�i; t
0
�i)ui(f(t

0
i; t

0
�i); �).

Observe �rst that by construction of �i, there exists mi 2 Ri(ti j M; �T ) such that
mi = (t0i; 1;m

3
i ;m

4
i ) for some (m

3
i ;m

4
i ). Now pick �i 2 �(� � �T�i � M�i) such that

[i] �i(�; t�i;m�i) > 0 ) mj 2 Rj(tj j M; �T ) for each j 6= i and [ii]
X
m�i

�i(�; t�i;m�i) =

��(ti)[�; t�i] for each (�; t�i) and [iii] mi 2 BRi(marg��M�i�i j M). In addition, for all

�; t�i and t0�i, set

 i(�; t�i; t
0
�i) :=

X
m�i s.t. m1

�i=t
0
�i

�i(�; t�i;m�i)

and observe that  i satis�es [1] and [2] above. Hence, there exists y
� 2 Yi such thatX

�;t�i;t0�i

 i(�; t�i; t
0
�i)ui(y

�(t0�i); �) >
X

�;t�i;t0�i

 i(�; t�i; t
0
�i)ui(f(t

0
i; t

0
�i); �)

which yieldsX
�;m�i

marg��M�i �i(�;m�i)ui(y
�(m1

�i); �) >
X
�;m�i

marg��M�i �i(�;m�i)ui(f(t
0
i;m

1
�i); �):

Thus, by construction of the mechanism, against �i, message (t0i; `; ~m
3
i ;m

4
i ) where ~m

3
i (�) =

y� (�) is strictly better than mi = (t0i; 1;m
3
i ;m

4
i ) for ` large enough, which contradicts

mi 2 BRi(marg��M�i�i j M).
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D Supplementary Material: Proof of Theorem 4

Proof of the "If part" of Theorem 4. Assume that f : �T ! A is rationalizable-

implementable by a �nite mechanism M = (M; g), i.e., that for all �t 2 �T , m 2 R(�t j
M; �T ) =) g(m) = f(�t).

We �rst recall the following well-known lemma.

Lemma 4 (Dekel, Fudenberg and Morris (2006)) Fix any model T = (T; �) such

that �T � T and any �nite mechanismM. (1) For any �t 2 �T and any sequence ft[n]g1n=0
in T , if t[n] !P �t then, for n large enough, we have: R(t[n] j M; T ) � R(�t j M; T ). (2)
For any type t 2 T , R(t j M; T ) is non-empty.

Now pick any model T = (T; �) such that �T � T . We show that there exists an

equilibrium that continuously implements f on �T . For each player i and each type �ti 2 �Ti,

�x some mi(�ti) 2 Ri(�ti j M; �T ) and restrict the space of strategies of player i by assuming
that �i(�ti) = mi(�ti) for each type �ti 2 �Ti. BecauseM is �nite and T is countable, standard

arguments34 show that there exists a Bayes Nash equilibrium in U(M; T ). Let us �rst
establish that � is a Bayes Nash equilibrium in U(M; T ). It is clear by construction that
for each i 2 I and ti =2 �Ti;

mi 2 Supp(�i(ti))) mi 2 BRi(�i(� j ti; ��i) j M).

Now �x a player i 2 I and a type �ti 2 �Ti. Since �T � T is a model (and hence, �(�ti) takes
its support in �� �T�i), it is easily checked that, by construction of �, �i(m�i j �ti; ��i) >
0 ) m�i 2 R�i(�t�i j M; �T ) for some �t�i 2 �T�i. Hence, by a well-known argument,

BRi(�i(� j �ti; ��i) j M) � Ri(�ti j M; �T ). Since g
�
R(�t j M; �T )

�
= ff(�t)g, we have for all

~mi 2 Ri(�ti j M; �T ) :X
(�;m�i)2��M�i

�i(�;m�i j �ti; ��i) [ui(g( ~mi;m�i); �)] =
X
�;�t�i

��(�ti)[�; �t�i]ui(f(�ti; �t�i); �);

and so BRi(�i(� j �ti; ��i) j M) = Ri(�ti j M; �T ). Hence, we must have mi(�ti) = �i(�ti) 2
BRi(�i(� j �ti; ��i) j M). Thus, � is a Bayes Nash equilibrium in U(M; T ) and �j �T is a
pure Nash equilibrium in U(M; �T ). Now, pick any sequence ft[n]g1n=0 in T , such that
t[n]!P �t. It is clear that for each n : Supp(�(t[n])) � R(t[n] j M; T ). In addition, for n
large enough, we know by Lemma 4 that R(t[n] j M; T ) � R(�t j M; �T ). Then, for n large
enough, Supp(�(t[n])) � R(�t j M; �T ) and so, (g � �)(t[n]) = f(�t) as claimed. �
34The existence of a Bayes Nash equilibrium can be proved using Kakutani-Fan-Glicksberg�s �xed point

theorem. The space of strategy pro�les is compact in the product topology. Using the fact that ui :

A��! R is bounded, all the desired properties of the best-response correspondence (in particular upper
hemicontinuity) can be established.
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Proof of the "Only if part" of Theorem 4. We show that a social choice function

f : �T ! A is continuously implementable by a countable35 mechanism M only if it is

rationalizable implementable by some mechanismM0 � M (i.e. M 0
i � Mi for each i and

g0 = gjM 0).

Since f is continuously implementable, there exists a mechanism M = (M; g) such

that for any model T = (T; �) satisfying �T � T , there is a Bayes Nash equilibrium � in

the induced game U(M; T ) where for each �t 2 �T , (i) �(�t) is pure and (ii) for any sequence

t[n] !P �t where for each n : t[n] 2 T; we have (g � �)(t[n]) ! f(�t). We let C be the

set of pure Bayesian Nash equilibria of U(M; �T ). Note that because �T is �nite and M is

countable, C is countable. For each �� 2 C; we build the set of message pro�les M(��) in
the following way.

For each player i and each positive integer `, we de�ne inductively M `
i (��). First, we

set M0
i (��) = ��i(

�Ti). Then, for each ` � 1 :

M `+1
i (��) = BRi(�(�� f~�

0g �M `
�i(��)) j M):

Recall that in the model �T = ( �T ; ��); marg~���(�ti)[
~�
0
] = 1, for each i 2 I and �ti 2 �Ti.

Since �� is an equilibrium in U(M; �T ), M0
i (��) = ��i( �Ti) � BRi(�(� � f~�

0g �M0
�i(��)) j

M) = M1
i (��). Consequently, it is clear that, for each `, M

`
i (��) � M `+1

i (��). Finally, set

Mi(��) = lim`!+1M `
i (��) =

S
`2N

M `
i (��). In the sequel, for each �� 2 C, we will noteM(��)

the mechanism (M(��); gjM(��)).

A �rst interesting property of the family of sets fM(��)g��2C is the following one: there
is a model T , satisfying �T � T , for which any equilibrium � in U(M; T ) has full range in
M(�j �T ), i.e., each message pro�le in M(�j �T ) is played under � at some pro�le of types in

the model T . More precisely, Proposition 3 is the �rst step of the proof of the "Only if
part" of Theorem 4.

Proposition 3 There exists a model T =(T; �) such that for any �� 2 C and m 2M(��),
there exists t[��;m] 2 T s.t. �(t[��;m]) = m for any equilibrium � in U(M; T ) s.t. �j �T = ��.

Proof. We build the model T =(T; �) as follows. For each equilibrium �� 2 C, player
i and integer ` , we de�ne inductively ti[��; `;mi] for each mi 2M `

i (��) and set

Ti =
[
��2C

1[
`=1

[
mi2M`

i (��)

ti[��; `;mi] [ �Ti.

Note that Ti is countable. In the sequel, we �x an arbitrary �� 2 C. This equilibrium �� is

sometimes omitted in our notations.
35As already mentioned, the "only if part" of the theorem holds beyond �nite mechanisms.
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For each ` � 1 and mi 2 M `
i (��), we know that there exists �`;mi

i 2 �(� � f~�0g �
M `�1
�i (��)) such thatmi 2 BRi(�`;mi

i j M). Thus we can build �̂`;mi
i 2 �(�� ~��M `�1

�i (��))

such that

marg��M`�1
�i (��)

�̂`;mi
i = marg��M`�1

�i (��)
�`;mi
i

while marg~��̂
`;mi
i = �~�mi . Note that BRi(�̂

`;mi
i j M) = fmig.

In the sequel, for each player i and message mi 2 M0
i (��), we pick one type denoted

ti[��; 0;mi] in �Ti satisfying ��i(ti[��; 0;mi]) = mi. This is well-de�ned because, by con-

struction, M0
i (��) = ��i( �Ti). Now, for each ` � 1 and mi 2 M `

i (��), we de�ne inductively

ti[��; `;mi] by36

�(ti[��; `;mi])[�; ~�; t�i] =

(
0 if t�i 6= t�i[��; `� 1;m�i] for each m�i 2M `�1

�i (��)

�̂`;mi
i (�; ~�;m�i) if t�i = t�i[��; `� 1;m�i] for some m�i 2M `�1

�i (��)
:

This probability measure is well-de�ned since �̂`;mi
i (�� ~��M `�1

�i (��)) = 1.

To complete the proof, we show that for any equilibrium � of U(M; T ) such that
�j �T = ��, we have:

�i(ti[��; `;mi]) = mi; (10)

for each player i, integer ` and message mi 2M `
i (��): The proof proceeds by induction on

`.

First note that, by construction of ti[��; 0;mi], we must have for any equilibrium � of

U(M; T ) such that �j �T = ��:
�i(ti[��; 0;mi]) = mi;

for each player i and message mi 2 M0
i (��): Now, assume that Equation (10) is satis�ed

at rank `� 1 and let us prove it is also satis�ed at rank `. Fix any mi 2 M `
i (��) and any

equilibrium � of U(M; T ) such that �j �T = ��. Note that Supp(�i(ti[��; `;mi])) � BRi(�i j
M) where �i 2 �(�� ~��M�i) is such that

�i(�; ~�;m�i) =
X
t�i

�(ti[��; `;mi])[�; ~�; t�i]��i(m�i j t�i).

In addition, by the inductive hypothesis and the fact that � is an equilibrium of U(M; T )
satisfying �j �T = ��, we have ��i(m�i j t�i[��; ` � 1;m�i]) = 1 for any m�i 2 M `�1

�i (��):

Hence, by construction of �(ti[��; `;mi]), we have

�i(�; ~�;m�i) =
X
t�i

�(ti[��; `;mi])[�; ~�; t�i]��i(m�i j t�i)

= �(ti[��; `;mi])[�; ~�; t�i[��; `� 1;m�i]]

= �̂`;mi
i (�; ~�;m�i).

36Here again, we abuse notations and write t�i[��; 0;m�i] for (tj [��; 0;mj ])j 6=i. Similarly, t[��; 0;m] stands

for (ti[��; 0;mi])i2I . Similar abuses will be used along this proof.
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We get that Supp(�i(ti[��; `;mi])) � BRi(�i j M) = BRi(�̂
`;mi
i j M) = fmig as claimed.

We now give a �rst insight on the second step of the proof. First notice that, by

construction, each M(��) satis�es the following closure property: taking any belief �i 2
�(�� f~�0g �M�i(��)) such that BRi(�i j M) 6= ;, we must have BRi(�i j M) � Mi(��)

and hence, BRi(�i j M) = BRi(�i j M(��)).

Now pick a type �ti 2 �Ti and a message mi 2 R1i (�tijM(��); �T ), it is possible to
add a type tmi

i to the model T de�ned in Proposition 3 satisfying the following two

properties.37 First, h1i (t
mi
i ) is arbitrarily close to h

1
i (�ti); second, for any equilibrium �

with �j �T = ��, �i(t
mi
i ) = mi. Indeed, by de�nition of R1i (�tijM(��); �T ), there exists a

belief �mi
i 2 �(�� � T�i � M�i(��)) where marg���

mi
i = marg����(�ti) and such that

mi 2 BRi(marg���M�i(��) �
mi
i j M(��)). Using our assumption on cost of messages, we can

slightly perturb �mi
i so that mi becomes a unique best reply. So let us assume for simplic-

ity that fmig = BRi(marg���M�i(��) �
mi
i j M(��)). We can de�ne the type tmi

i assigning

probability marg���M�i(��) �
mi
i (�

�;m�i) to (��; t�i[��;m�i]) where t�i[��;m�i] is de�ned

as in Proposition 3 (i.e., t�i[��;m�i] plays m�i under any equilibrium � in U(M; T ) such
that �j �T = ��). Now pick any equilibrium � in U(M; T [ ftmi

i g) such that �j �T = ��. By

construction, Supp(�i(t
mi
i )) � BRi(marg���M�i �

mi
i j M) and so BRi(marg���M�i(��)

�mi
i j M) 6= ;. By the closure property described above, BRi(marg���M�i �

mi
i j M) =

BRi(marg���M�i(��) �
mi
i j M(��)) and so we get that type tmi

i plays mi under the equilib-

rium � and satis�es the desired property. Using a similar reasoning, we show inductively

the following "contagion" result.

Proposition 4 There exists a model T̂ = (T̂ ; �̂) such that for each equilibrium �� 2 C and
each player i the following holds. For all �ti 2 �Ti and mi 2 Ri(�ti j M(��); �T ), there exists
a sequence of types ft̂i[n]g1n=0 in T̂i such that (1) t̂i[n] !P �ti and (2) �i(t̂i[n]) = mi for

each integer n and equilibrium � of U(M; T̂ ) satisfying �j �T = ��.

Proof. We again de�ne the set E by:

E := [q2N�f
1

q
g [ f0g:

37 In this section, for any mechanism M, we use the standard notation where R`i(�ti j M; �T ) stands for
the `th round of elimination at type �ti of messages that are not best responses (see for instance, Dekel,

Fudenberg and Morris (2007)). Recall that for any `, and �ti, we have Ri(�ti j M; �T ) � R`i(�ti j M; �T ) (for
additional details on the relationship between Ri(�ti j M; �T ) and R`i(�ti j M; �T ) when the set of messages
is countably in�nite, see Lipman (1994)).
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We build the model T̂ = (T̂ ; �̂) as follows. For each " 2 E , ` 2 N�, �� 2 C, �ti 2 �Ti and

mi 2 R`i(�ti j M(��); �T ), we build inductively t̂i["; `; ��; �ti;mi] and set

T̂i =
[
"2E

1[
`=1

[
��2C

[
�ti2 �Ti

[
mi2R`i(�tijM(��); �T )

t̂i["; `; ��; �ti;mi] [ Ti;

where Ti is as de�ned in Proposition 3. Note that T̂i is countable. In the sequel, we �x an

arbitrary �� 2 C. This equilibrium �� is sometimes omitted in our notations.

We know that for each integer `; player i of type �ti 2 �Ti and message mi 2 R`i(�ti j
M(��); �T ), there exists �`;mi

�ti
2 �(�� �T�i �M�i(��)) such that

marg�� �T�i �
`;mi
�ti

= ��(�ti);

marg �T�i�M�i(��) �
`;mi
�ti

(�t�i;m�i) > 0) m�i 2 R`�1�i (�t�i j M(��); �T )

and

mi 2 BRi(marg���M�i(��) �
`;mi
�ti

j M(��)):

For ease of exposition, we sometimes consider �`;mi
�ti

as a measure over �� �T�i �M�i(��)

and sometimes as a measure over �� � �T�i �M�i(��) assigning probability one to f~�
0g.

Similar abuses will be used throughout the proof.

First, we let t̂i["; 1; ��; �ti;mi] be such that �̂(t̂i["; 1; ��; �ti;mi]) satis�es the following two

conditions:

marg~� �̂(t̂i["; 1; ��; �ti;mi]) = "�~�mi + (1� ") �~�0 . (11)

And,

marg��T̂�i �̂(t̂i["; 1; ��;
�ti;mi]) = �1;mi

�ti
�
�
� ";1�i

��1
(12)

where
�
� ";1�i

��1
stands for the preimage of the function � ";1�i : �� �T�i �M�i ! �� T̂�i;

de�ned by � ";1�i (�; �t�i;m�i) = (�; t�i[��;m�i]) and t�i[��;m�i] 2 T�i is the type pro�le

de�ned in Proposition 3. Recall that ��i(t�i[��;m�i]) = m�i for any equilibrium � in

U(M; T ) s.t. �j �T = ��. Now for each ` � 2, de�ne t̂i["; `; ��; �ti;mi] inductively by

marg~� �̂(t̂i["; `; ��; �ti;mi]) = "�~�mi + (1� ") �~�0 ,

and,

marg��T̂�i �̂(t̂i["; `; ��;
�ti;mi]) = �`;mi

�ti
�
�
� ";`�i

��1
where

�
� ";`�i

��1
stands for the preimage of the function � ";`�i : � � �T�i �M�i ! � � T̂�i;

de�ned by � ";`�i (�; �t�i;m�i) =
�
�; t̂�i["; `� 1; ��; �t�i;m�i]

�
.

Claim 6 For each �ti 2 �Ti and mi 2 Ri(�ti j M(��); �T ) : t̂i["̂(`); `; ��; �ti;mi]!P �ti as `!1
for some mapping "̂ taking values in Enf0g.
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Proof. In the sequel, we will note �h the (continuous) mapping that projects �T into

T � and, in a similar way, ĥ the (continuous) mapping from T̂ to T �.

For any �ti 2 �Ti, since38 for all ` � 1 and all mi 2 R`i(�ti j M(��); �T ) : t̂i["; `; ��; �ti;mi]!
t̂i[0; `; ��; �ti;mi] as " ! 0, by Lemma 2, for all ` � 1, for all `0 � 1 and all mi 2 R`

0
i (�ti j

M(��); �T ) : ĥ`i
�
t̂i["; `

0; ��; �ti;mi]
�
! ĥ`i

�
t̂i[0; `

0; ��; �ti;mi]
�
as "! 0.

Let us now show that for all ` � 1 and `0 � ` : ĥ`i
�
t̂i[0; `

0; ��; �ti;mi]
�
= �h`i (�ti) for all

�ti 2 �Ti and mi 2 R`
0
i (�ti j M(��); �T ). First notice that the �rst order beliefs are equal, i.e.,

for all `0 � 1; �ti 2 �Ti and mi 2 R`
0
i (�ti j M(��); �T ) :

ĥ1i
�
t̂i[0; `

0; ��; �ti;mi]
�
= marg� �̂(t̂i[0; `

0; ��; �ti;mi])

= marg� �`
0;mi
�ti

�
�
�0;`

0

�i

��1
= marg� �`

0;mi
�ti

= marg� ��(�ti) = �h
1
i (�ti)

where the third and the fourth equalities are by de�nition of �0;`
0

�i and �
`0;mi
�ti

respectively.

Now �x some ` � 2 and let L be the set of all belief pro�les of players other than i at order
`�1. Toward an induction, assume that for all `0 � `�1 : ĥ`�1j (t̂j [0; `

0; ��; �tj ;mj ]) = �h
`�1
j (�tj)

for each j, �tj 2 �Tj andmj 2 R`
0
j (�tj j M(��); �T ). Then for all `0 � ` : proj��L�

�
id� � ĥ�i

�
�

�0;`
0

�i = proj��L�
�
id� � �h�i � idM�i(��)

�
where id� (resp. idM�i(��)) is the identity mapping

from � to � (resp. from M�i(��) to M�i(��)) while proj��L (resp. proj��L) is the

projection mapping from �� T � to ��L (resp. from �� T ��M�i(��) to ��L); hence
for all `0 � `; �ti 2 �Ti and mi 2 R`

0
i (�ti j M(��); �T ) :

marg��L �̂(t̂i[0; `
0; ��; �ti;mi]) �

�
id� � ĥ�i

��1
= marg��L �

`0;mi
�ti

�
�
�0;`

0

�i

��1
�
�
id� � ĥ�i

��1
= �`

0;mi
�ti

�
�
�0;`

0

�i

��1
�
�
id� � ĥ�i

��1
�
�
proj��L

��1
= �`

0;mi
�ti

�
�
id� � �h�i � idM�i(��)

��1 � �proj��L��1
= marg��L �

`0;mi
�ti

�
�
id� � �h�i � idM�i(��)

��1
= marg��L ��(�ti) �

�
id� � �h�i

��1 .
Therefore,

ĥ`i(t̂i[0; `
0; ��; �ti;mi]) = �ĥ`�1i (t̂i[0;`0;��;�ti;mi])

�marg��L �̂(t̂i[0; `0; ��; �ti;mi]) �
�
id� � ĥ�i

��1
= ��h`�1i (�ti)

�marg��L ��(�ti) �
�
id� � �h�i

��1
= �h`i(�ti)

38A type in T̂i is either in Ti �which is endowed with the discrete topology, say �Ti � or in T̂inTi.
Any point in T̂inTi is identi�ed with an element of the set E � N � C � �Ti �Mi where N; C; �Ti;Mi are

all endowed with the discrete topology while E is endowed with the usual topology on R induced on E .
Finally, E �N�C� �Ti�Mi is endowed with the product topology; call this topology � T̂inTi . The topology

over T̂i is the coarsest topology that contains �Ti [ � T̂inTi . It can easily be checked that under such a
topology, T̂ satis�es the conditions of Lemma 2.
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showing that ĥ`i(t̂i[0; `
0; ��; �ti;mi]) = �h`i(�ti). Thus, we have proved that for all ` � 1,

all `0 � ` : ĥ`i
�
t̂i[0; `

0; ��; �ti;mi]
�
= �h`i (�ti) for any �ti 2 �Ti and mi 2 R`

0
i (�ti j M(��); �T ),

i.e., t̂i[0; `0; ��; �ti;mi] !P �ti as `0 ! 1 for any �ti 2 �Ti and mi 2 Ri(�ti j M(��); �T ). In
addition, we know that for all `0 � 1 and all mi 2 Ri(�ti j M(��); �T ) : t̂i["; `0; ��; �ti;mi] !P

t̂i[0; `
0; ��; �ti;mi] as " ! 0. Since T � is a metrizable space, t̂i["̂(`0); `0; ��; �ti;mi] !P �ti as

`0 !1 for some function "̂ : N� ! Enf0g satisfying lim`0!1 "̂(`0) = 0.

Claim 7 For each " 2 Enf0g, `, �ti 2 �Ti andmi 2 Ri(�ti j M(��); �T ), we have: �i(t̂i["; `; ��; �ti;mi]) =

mi for any equilibrium � of U(M; T̂ ) satisfying �j �T = ��.

Proof. Fix a type �ti 2 �Ti and an equilibrium � of U(M; T̂ ) satisfying �j �T = ��. We

will show by induction on ` that for all " 2 Enf0g and ` � 1: �i(t̂i["; `; ��; �ti;mi]) = mi for

all message mi 2 R`i(�ti j M(��); �T ).
Recall that, by construction, for allmi 2Mi(��), ti[��;mi] 2 Ti is the type in Proposition

3 such that �i(ti[��;mi]) = mi. First, �x " 2 Enf0g and mi 2 R1i (�ti j M(��); �T ) and let us
prove that �i(t̂i["; 1; ��; �ti;mi]) = mi. For each t̂i["; 1; ��; �ti;mi]; de�ne the belief

�";1i = �̂(t̂i["; 1; ��; �ti;mi]) � 
�1 2 �(�� � T̂�i �M�i),

where 
 : (��; t�i[��;m�i]) 7! (��; t�i[��;m�i];m�i). Note that by construction, �
";1
i is the

belief of type t̂i["; 1; ��; �ti;mi] on ���T̂�i�M�i when he believes thatm�i is played at each

(��; t�i[��;m�i]). Hence, for each " � 0, �";1i corresponds to beliefs of type t̂i["; 1; ��; �ti;mi]

when the equilibrium � is played. Now, by Equations (11) and (12), the belief �0;1i of type

t̂i[0; 1; ��; �ti;mi] satis�es

marg���M�i �
0;1
i = marg���M�i �

1;mi
�ti

�
�
�0;1�i

��1
� (
�)�1 = marg���M�i �

1;mi
�ti

,

where 
� : (�; t�i[��;m�i]) 7! (�; ~�
0
; t�i[��;m�i];m�i). Since Supp(�i(t̂i[0; 1; ��; �ti;mi])) �

BRi(marg���M�i �
0;1
i j M); we have: BRi(marg���M�i �

1;mi
�ti

j M) 6= ;. In addition,
since marg���M�i �

1;mi
�ti

(� � f~�0g � M�i(��)) = 1; by construction of Mi(��) we have

BRi(marg���M�i �
1;mi
�ti

j M) �Mi(��). Thus,

BRi(marg���M�i �
1;mi
�ti

j M(��)) = BRi(marg���M�i �
1;mi
�ti

j M):

Recall that, by construction of �1;mi
�ti

, mi 2 BRi(marg���M�i �
1;mi
�ti

j M(��)). Conse-

quently,

mi 2 BRi(marg���M�i �
0;1
i j M):

In addition, we have

marg��M�i �
";1
i = marg��M�i �

0;1
i .
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Hence, for " 2 Enf0g; by construction of �";1i ; fmig = BRi(marg���M�i �
";1
i j M) and

�i(t̂i["; 1; ��; �ti;mi]) = mi.

Now, for each ` � 2; proceed by induction and assume that ��i(t̂�i["; `�1; ��; �t�i;m�i]) =

m�i for any �t�i 2 �T�i, m�i 2 R`�1�i (�t�i j M(��); �T ) and " 2 Enf0g. Fix " 2 Enf0g and
mi 2 R`i(�ti j M(��); �T ). For each t̂i["; `; ��; �ti;mi]; de�ne the belief

�";`i = �̂(t̂i["; `; ��; �ti;mi]) � 
�1` 2 �(�� � T̂�i �M�i)

where 
` : (�
�; t̂�i["; `� 1; ��; �t�i;m�i]) 7! (��; t̂�i["; `� 1; ��; �t�i;m�i];m�i).

Note that, by construction, �";`i is the belief of type t̂i["; `; ��; �ti;mi] on ��� T̂�i�M�i

when he believes that m�i is played at each (��; t̂�i["; ` � 1; ��; �t�i;m�i]). Hence, by the

induction hypothesis, for each " � 0, �";`i corresponds to beliefs of type t̂i["; `; ��; �ti;mi]

when the equilibrium � is played. The end of the proof mimics the case ` = 1.

This completes the proof of Proposition 4. �

Completion of the proof of the "Only if part" of Theorem 4. Pick T̂ = (T̂ ; �̂)
as de�ned in Proposition 4. By de�nition of continuous implementation, there exists an

equilibrium � in U(M; T̂ ) that continuously implements f and point (i) in this de�nition
ensures that �j �T is a pure equilibrium. Now pick any �t 2 �T and m 2 R(�t j M(�j �T ); �T ),
we show that gjM(�j �T )

(m) = f(�t) proving that the mechanism M(�j �T ) implements f in

rationalizable messages. Applying Proposition 4, we know that there exists a sequence of

types ft̂[n]g1n=0 in T̂ such that (1) t̂[n]!P �t and (2) �(t̂[n]) = m for all n. By (1) and the

fact that � continuously implements f , we have (g � �)(t̂[n])! f(�t) while by (2) we have

(g ��)(t̂[n]) = g(m) for all n. Hence, we must have g(m) = f(�t) and so gjM(�j �T )
(m) = f(�t)

as claimed.
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