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Abstract
We show that local potential maximizer ([14]), a generalization of potential maxi-

mizer, is stochastically stable in the log-linear dynamic if the payoff functions are,
or the associated local potential is, supermodular. Thus an equilibrium selection
result similar to those on robustness to incomplete information ([14]), and on per-
fect foresight dynamic ([18]), hold for the log-linear dynamic. An example shows
that stochastic stability of an LP-max is not guaranteed for non potential games
without the supermodularity condition. We investigate sensitivity of the log-linear
dynamic to cardinal payoffs and its consequence on the stability of weighted local
potential maximizer. In particular, for 2 x 2 games, we examine a modified log-
linear dynamic (relative log-linear dynamic) under which local potential maximizer
with positive weights is stochastically stable. The proof of the main result relies
on an elementary method for stochastic ordering of Markov chains.
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1 Introduction

Game theorists have developed dynamic processes based on specific behavioral rules in
order to identify solutions to games, if any, that are stable in the long run. A well-known
class of dynamics studied in this field is the perturbed best-response processes in which
each player chooses a non-best response, a mistake, to the current strategy profile with a
small probability (e.g., [9],[25]).! Within this framework, it has been demonstrated ([2])
that any Nash equilibrium can be made stable by a suitable choice of mistake probabilities
provided that they are independent of the current play. Hence the necessity to have a
coherent theory on the way mistakes occur.

In the log-linear dynamic ([3, 4]), costlier mistakes are less, exponentially less to be
precise, likely to occur (cf. proper equilibrium concept in [16]). A recent work ([1])
identifies a formula for the stochastic potential ([6], [25]) for this dynamic. In principle,
the long-run stable state can be identified as those that minimize the stochastic potential.
In contrast and complement to this approach, one may wish to identify the nature of
equilibria (e.g., Pareto-dominance, risk-dominance) that depends only on the underlying
game, and ensures long-run stability.? For potential games ([12]), the long-run stable
states of the log-linear dynamic are those strategy profiles that maximize the potential
function ([3, 4]).

In this article, we consider the log-linear dynamic on games that admit a local potential
function, a generalization of potential function ([13],[14]). We provide a necessary and
sufficient condition for a game to belong to this class as well as a formula for a local
potential function. This condition refers only to the payoff functions of the game and is
computationally easy to verify. Our main result is that the long-run stable states for such
games are the strategy profiles that maximize the local potential function if the payoff
functions are supermodular or the local potential function is. This result holds under

a wide range of ways players may interact: fixed set of players, population (or random

!The best response dynamic is a special case of the Darwinian process, studied in [9], according to

which a better action is better represented in the next generation.
2Computation of stochastic potential depends on the specific parameters of the dynamic process as well

as on the game being played. Also, minimization of stochastic potential is computationally difficult ([25]).



matching) games, and more general forms of local interactions ([4]).

Our main result has several counterparts in the literature on equilibrium selection
and robustness of equilibrium. Monotonicity conditions similar to our supermodularity
routinely appear in papers that use the local potential ideas to go beyond results obtained
for potential games (e.g., [5], [14], [18], [19]). Whether these selection results hold without
such conditions, and whether results in these papers can be improved upon to cover
all potential games, have been open questions in all these works. We present examples
that provide clear answers to these questions in the context of the log-linear dynamic.
Specifically, we demonstrate that (a) stability of an LP-max is not guaranteed for non-
potential games without the supermodularity condition, and, (b) there are some potential
games outside applicability of our main result.

On the one hand, our result is complementary to the existing result on potential games.
The latter covers all, but only, potential games while our result covers some potential
games and non potential games. On the other hand, our result has an advantage in that
it identifies a stochastically stable state that is robust to perturbations. Since potential
games are non-generic, a result for them need not apply to (arbitrarily) nearby games. In
contrast, there are open set of games which admit a local potential function, and satisfy
the sufficient condition of our theorem.

We also discuss possibilities for, and obstacles to, the stability of weighted potential
games and the corresponding generalization to games with weighted local potential func-
tions. This discussion highlights in two ways the nature of the log-linear dynamic, i.e.,
its sensitivity to the cardinality of payoffs. First, weighted potential maximizer need not
be stochastically stable under the standard log-linear dynamic.? Second we consider an
example of log-linear dynamic (relative log-linear dynamic), applicable to 2-by-2 games,
that depends on the relative magnitude of payoffs. We show that strategy profiles that
maximize a weighted local potential function with positive weights are stochastically stable
under this dynamic.

Finally, let us provide a basic idea behind the proof of the main theorem. We will

offer more detailed sketch at the end of Section 4 before we present the full proof in

3See Example 5 (due to [1]).



Section 6. Recall that, for a potential game, the difference in payoffs to any one player
due to his unilateral deviation is equal to the difference in the values of a common function
(potential function) at these profiles. The concept of local potential replaces the equality
in this definition with an inequality. Thus games we consider are the ones in which the
payoff difference is bounded by the corresponding difference in the values of a common
function, called a local potential, rather than potential, function. You may say that such
game is “bounded” by a potential game. The basic insight for the proof is that the dynamic
for a game with a local potential function may be similarly bounded in some sense by the
dynamic for a potential game.

In the log-linear dynamic, an action that generates a larger (positive) payoff difference
over the current payoff is more likely to be chosen. For a potential game, this dynamic
moves toward a strategy profile that maximizes the potential function ([3, 4]). If the
underlying game is not an exact potential game but is bounded by a potential game in the
sense discussed above, then the same probabilistic tendency towards a (local) potential
maximizer may be at work. In a sense, the dynamic for the potential game nudges the
dynamic for the local potential game towards the same long-run stable states. Technically,
we obtain our main result by ordering two log-linear dynamics (Markov chains), one for
the original game and the other for the potential game that bounds it. Our proof employs
only elementary tools of finite Markov chains and stochastic dominance.

The paper is organized as follows. The basic setup is laid out in Section 2. The central
concept of local potential is defined in Section 3 where we also provide a necessary and
sufficient condition for a strategy profile to be a local potential maximizer. We present our
main result (Theorem 2) as well as a sketch of its proof in Section 4. In this section we also
present an example illustrating the indispensability of supermodularity condition in our
main theorem, when applied to non-potential games, as well as an example highlighting
the difference between our main theorem and the existing result on potential games. In
Section 5, we discuss the stability of weighted local potential maximizers ([14]) and how
this relates to the sensitivity of the log-linear dynamic to affine transformations. In par-
ticular, we study a modified dynamic, called relative log-linear dynamic, that is invariant

to affine transformations of payoffs. The proof of the main result is presented in Section



6. In Section 7, we present a local interaction version of the log-linear dynamic and the

corresponding results. Section 8 concludes the paper.

2 The Basic Model

Consider an I-person finite game in strategic form. The set of actions available to player
1 is S; and his payoff function is u; : S — R where § = 51 x - -+ x S7. Symbols such as s_;
will be used with the usual meaning.

The dynamic under consideration runs in discrete time ¢t = 0,1,2,... and its state
space is S. At t = 0 a strategy profile is selected according to an initial distribution. At
each subsequent period a single player is selected* and is given an opportunity to revise
her strategy according to a stochastic choice rule. The probability that player ¢ is given
this opportunity is denoted by p;. We assume p; > 0 for all . Thus state can change from
s to " if, and only if, s’ = (s}, s_;) for some i and s € S;.

In this article we study the log-linear stochastic choice rule according to which the log
likelihood ratio between two actions is proportional to the difference between the payoffs
from these actions. The factor of proportionality, a nonnegative real number, is denoted
by 5. Let pi(si|s : ui,3) be the probability that player i chooses s; € S; given a state
s € S. The log-linear stochastic choice rule is characterized by

"g.
In W = B(ui(s;', s_;) — ui(sh, s,i)) (2.1)
for all s € S and s,s/ € S;. Thus, given a revision opportunity and a current state s,
player i is exponentially more likely to select s/ than s, whenever s/ is a better reply to

s_; than s} is. Equivalently,

eBui(ss—i)

Z oBui(sy s—i)

82/652‘

pi(si|s:u,B) = (2.2)

It is clear from (2.1) and (2.2) that the log-linear rule p;(-|s : w;, ) is simply the

uniform distribution on S; when g = 0, and it converges as § — oo to the uniform

“See [10] for variations on this and other structural aspects of log-linear dynamics.



distribution over the best responses against s_;. For this reason the log-linear dynamic is
considered a perturbation of the best-response dynamic, with an explicit rationale for the
way non best-response actions might be chosen. Note that we have taken 5 to be common
to all players. We will discuss a dynamic with §’s varying across players in Section 5.
The log-linear choice rules, pi,...,ps, generate a (time-homogeneous) Markov chain

on the set of strategy profiles S with the transition probability from s to s’ given by

I
Qs (1, B) = Y X(s"; = s_i)pipi(si| s : s, B) (2.3)
i=1

where v = (u1,...,ur), and I is the indicator function. Let Q(u, ) = (¢ss'(u,3))s,s'es
be the resulting transition matrix. The transition matrix when each player uses the
best response rule is denoted by Q*(u). It follows from the comment after (2.2) that
Qu,B) — Q'(w)

It is straightforward to see that the Markov chain associated with Q(u, ) is irreducible.
Hence it has a unique invariant distribution p(u, 8) = (us(u, 8))ses, i-e., the unique solu-
tion to puQ(u,8) = p, and (I + Q(u,B) + -+ + Q(u,B)")/(t + 1) converges as t — 0o to
a matrix whose rows are identical to p(u, ). So us(u, ) is also the asymptotic average
frequency with which state s is visited. In addition, it is easy to verify that this chain is
aperiodic and hence Q(u, 8)! also converges to the matrix with all rows equal to u(u, 3).
In contrast, the chain associated with @*(u) typically has multiple recurrence classes and
more than one invariant distribution. A well known result states that limg_,o pt(u, 5)

exists and is an invariant distribution of the chain associated with Q*(u) (e.g., [25]).
Definition 1 A state s € S is stochastically stable if limg_,o pts(u, 5) > 0.

Thus states that are not stochastically stable will be observed with a vanishing fre-
quency in the long run under any log-linear dynamic that is sufficiently close to the best

response dynamic.

3 Local Potential

In this section we discuss the main concepts used in this paper: local potential function and

local potential maximizer. It generalizes the concept of potential function and potential



maximizer ([12]). Recall that a strategy profile s* in a game (S;, u;)i=1,..1 is a potential

=

maximizer® if there exists a function (potential function) v : S — R with the property

that s* maximizes v and
wi(sh, s—;) — ui(si, 8—i) = v(sh, 5-;) — v(s4,5-;) (3.1)

foralli=1,...,1, s;,s, € S; and s_; € S_;.

For a game where every player’s payoff function is identically v, let ¢s¢ (v, ) and
Q(v, B) be the transition probability and the transition matrix for the corresponding log-
linear dynamic. The invariant distribution for Q(v, 3) is denoted by u(v,3). If a game
with payoff functions u = (uq,...,us) has a potential function v, then Q(u,3) = Q(v, )
and p(u, 8) = p(v, B). This is an immediate consequence of (3.1). The log-linear dynamic
for a potential game is a reversible Markov chain and its invariant distribution can be
explicitly obtained by solving the detailed balance conditions, psqss (v, 8) = psqss(v, )
for each s,s’ € S. Consequently, the set of stochastically stable states can be explicitly

characterized.®
Theorem 1 ([3, 4]) Suppose that (S;,u;)i=1,...1 i a potential game with a potential func-
tion v. Then the invariant distribution of Q(v, ) is

- S efol)

s'es

ps(v, B) (3.2)

and s € S is stochastically stable if, and only if, s maximizes v.

The concept of local potential is obtained by relaxing (3.1) in two ways: equality is
replaced by an inequality, and requiring the relationship between u; and v to hold only

“locally” with respect to some order of the strategies.

®Defining a maximizer as a primary concept makes it easier to understand the difference between the

potential and the local potential concepts in Definition 2.
SA potential maximizer is also stochastically stable under a range of modifications to the log-linear

dynamic: the way revision opportunity is given to (a set of) players, restrictions on the set of actions
available to revising players, and so on. See [10]. Our main result, stability of local potential maximizer,

holds under the same alternative specifications.



Definition 2 ([13]) A strategy profile s* = (sf,...,s}) is a local potential mazimizer
(LP-max) for payoff functions u = (uy,...,us) if there exist

(1) a total order <; on each S;,i=1,...,1

(2) a function v : S — R (local potential function) such that

(a) v(s*) > v(s) for all s # s*,
(b) for each i, and every s_; € S_;,

(b-1) if s; <; s} and s; # s, then
U(S;ras—z') —v(si,5-i) < Ui(S;r,S—z') — wi(Si, 5—i),

(b-2) if s7 <; s; and s; # s, then

U(Si, S—i) — U(Si_’ S_Z‘) Z ui(si, S—i) — ui(si_, S—i)'

+

where s (resp. s;) is the smallest (resp. largest) element of S; that is larger (resp.

smaller) than s;.

A few remarks on this definition are in order. First, Definition 2 (2)-(a) requires s* to
be the unique maximizer of the function v. If s* is the unique maximizer of a potential
function, then all requirements in Definition 2-(2) are met for any orderings of actions.

Second, a local potential maximizer as a set-valued concept is defined in [14], gener-
alizing Definition 2 and the case when there are multiple potential maximizers. In the
set-valued version, a local potential function is defined to be a measurable function on
the set of action profiles S endowed with an algebra whose elements are partially ordered.
A local potential maximizer is then defined to be the unique element of the algebra on
which the local potential function attains the maximum. All of our results hold under the
set-valued notion of local potential maximizer. See Appendix B and [17] for the details.
In this article we present results and examples for a special case of Definition 2 as it will
convey the most important substance of this work without extraneous technical details.

Finally, in the definition of [13], the right hand side of the inequalities in (b) are
weighted by a nonnegative constant w;(s;). Thus, definition we employ here is stronger,
just as a potential function is a special case of a weighted potential function ([12]). We

discuss the weighted version of a LP-max in the Section 5.



From Definition 2 it may seem difficult to see whether a given game admits an LP-max

or how to find a local potential function.”

Below we provide a necessary and sufficient
condition for a strategy profile to be an LP-max. The condition is easy to check and also
yields a formula for local potential function.®

To explain the condition in words first, let us consider the case where each component
of a candidate LP-max, s, is the largest element in the given order on S;. The necessary
and sufficient condition for s* = (s7,...,s7) to be an LP-max is as follows. Take any other
strategy profile s and consider any sequence of strategy profiles starting at s*, ending at
s, and at each step one, and only one, player deviates to a strategy that is lower in the
given order than the previous one. If the sum of payoff differences for the deviating players

along any such path is strictly negative, then, and only then, s* is an LP-max.

Fix a total order <; on each S5;. We say that a finite sequence of strategy profiles,

s0 st ... st is a monotonic path of unilateral deviations if
(i) for each ¢ =1,..., L, there is one, and only one, player i, such that sf@ #* sfl_l,
and
(ii) for each player i, either s¥ <; s} <; .-+ <; siL or sz-L < sf_l <o <8
For each monotonic path of unilateral deviations s%, s', ..., s let
L
A(SO, s, SL) = Z [ui[ (SZ) — u, (sf_l)] (3.3)
/=1

which is the sum of payoff differences for the deviating players along the path.

Proposition 1 A strategy profile s* is a local potential mazimizer for u = (u1,...,uy) if,
and only if, there is a total order <; on S; for eachi =1,...,1 such that A(so, st SL) <
0 for every monotonic path of unilateral deviations s° = s*,s',..., sl # s*. In addition,
under this condition, the function v : S — R defined by the formula below serves as a local
potential function:
0 if s = s¥,
v(s) = (3.4)
max A(s°,...,s%) if s # s*

"Though, given total orders on strategy sets and a candidate for an LP-max, the problem of finding a

local potential function is that of linear programming.
81t is similar to the conditions for a game to be a potential game ([12]).



where max is taken over all monotonic paths of unilateral deviations starting at s° = s*

and ending at s* = s.

The proof of this proposition is given in Appendix A.? Let us apply Proposition 1 to a
version of unanimity game (cf. [14] and [18]). This is not a potential game thus provides

a nontrivial use of the proposition.

Example 1 Each player has two actions, S; = {0,1}. Let 0 = (0,...,0) and 1 =
(1,...,1). The payoffs are such that u;(0) > 0, u;(1) > 0 and w;(s) = 0 for all s # 0, 1.
Thus there are two strict equilibria, 0 and 1. Let us show that the strategy profile 1 (resp.
0) is an LP-max if, and only if, u;(1) > u;(0) (resp. u;(0) > u;(1)) for all ¢ and j # i.

Let 0 <; 1 for ¢ = 1,2. Pick an individually monotonic path of unilateral deviations
s9=1,s", ... st # 1. Clearly, u;, (51) — U, (50) = —U;, (1), Uj, (se) — U, (sé_l) = 0 for all
¢=2,...,L—1,and u;; (s*) —u;, (s*71) = u;;, (0) (if s¥ = 0) or u;, (s¥) —w;, (s¥71) =0
(if s» # 0). Hence A(s°,...,s") = u;, (0) — u;, (1) (if s =0) or A(s%,...,s%) = —u;, (1)
(if s # 0). Note that if s* = 0, then it must be that i, # i1. Since the choice of a path
is arbitrary, except s = 1 and s’ # 1, the conclusion follows from Proposition 1.

It follows that if one of the strict equilibria is an LP-max, then it is strictly preferred
to the other strict equilibrium by all but, possibly, one player. It is now straightforward
to check that 1 = (1,1,1) is the LP-max in the three-player unanimity game below.

0 1 0 1
06,2,21]0,0,0 0(0,0,0]0,0,0
1]0,0,0|0,0,0 1]0,0,0]3,8,8

0 1

O

In addition to providing insights on which game admits an LP-max, Proposition 1

implies that an LP-max is unique when it exists.

90ur characterization of LP-max is closely related to a characterization of feasible solutions to a system
of inequalities studied in network flow theory: z; — z; < w;; for 4,5 € {1,--- ,k} where {z1, -+ ,zx} is a

set of variables and w;;’s are constants each specific to the ordered pair (7, 7). See, for instance, [20].

10



Corollary 1 FEvery game has at most one LP-maz.

Proof. Consider a path of unilateral deviations starting at s and ending at s’ # s such
that along this path only those players with s} # s; change actions and they do so only
once, and hence, move from s; to s;. This path is monotonic irrespective of the total order
chosen on each S; since each player changes his action at most once. The reverse of this
path is also a monotonic path of unilateral deviations. Since the value of A for the reverse
of a path is the negative of the value of A for the original path, Proposition 1 implies that
it is not possible for both s and s’ to be LP-max. Q.E.D.

4 Stochastic Stability of Local Potential Maximizer
We now state our main result followed by two examples illustrating the theorem.

Theorem 2 Suppose that a strategy profile s* is a local potential maximizer for payoff
functions w = (uq,...,ur) with a local potential function v : S — R. If either (a) each u;

is supermodular,'® or (b) v is supermodular, then s* is stochastically stable.

Example 1 continued. It is clear that the payoff functions of a unanimity game are
supermodular with respect to the orderings 0 <; 1 for all ¢ = 1,...,I. By Theorem 2,
strategy profile s = 1 (resp. s = 0) is the unique stochastically stable state if u;(1) > u;(0)
(resp. u;(0) > u;(1)) for all ¢ and j # i. In the 2 x 2 x 2 game of Example 1, s = 1 (with
payoffs (3,8, 8)) is the unique stochastically stable state. O

Example 2 ([25])

19T be clear, the supermodularity here is with respect to the total orders on S; which makes s* an
LP-max. So, for example, v is supermodular if, for all i, v(s},s_;) — v(si,5-:) < v(si,s_;) — v(si,8_;)
whenever s; <; s} and s_; <_; s'; (ie., s; <; s} for all j # i). For u;, the corresponding inequalities

should hold for the particular 1.

11



0 1 2 0 1 2
0 6,6 | 0,5 | 0,0 0| 6 5 0
1|50 | 7,7 | 55 1| 5 7 5
2100 | 55 | 88 20 0 5 8
Game u = (uy, up) Local potential v

It is easy to verify that (2,2) is the LP-max under the orderings 0 <; 1 <; 2, i = 1,2,
with a local potential function v exhibited on the right matrix!' and, in addition, v is
supermodular. So (2,2) is the unique stochastically stable state of the log-linear dynamic.
In contrast, (1, 1) is stochastically stable in a version of perturbed best-response (adaptive

learning) dynamic studied in [25]. O

As mentioned in the introduction, equilibrium selection for, and robustness of, an LP-
max have been established under monotonicity conditions similar to supermodularity in
our main result.'? But whether these results hold without such conditions is not known.
Below we demonstrate via an example that an LP-max, in a non potential game, is not
necessarily stochastically stable in the absence of supermodularity. The example also sheds
some light on a connection, or a discrepancy, between the notion of LP-max employed in
the paper and that of stochastic potential in the tree construction used to determine

stochastically stable states.

Example 3 Consider the following 2 x 3 game.

0 1 2
0| 1,1 |0,-1|1,05
1/-1,0| 1,1 | 1,0

Using Proposition 1, it is easy to check that (0,0) is an LP-max under the orderings
0<;1land0 <51 <y2. (Hence it is the unique LP-max by Corollary 1.)

"'This function was shown in [18] to be a monotone potential function.
12See Section 8 for a more detailed description of this point.
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Under these orderings, it is easy to check that neither player’s payoff function is su-
permodular. In addition, no local potential function v for (0,0) can be supermodular. To
see this, assume the contrary. Then from Definition 2 (2)-(b-2) applied to u; with sy =0,
we have

v(1,0) —v(0,0) > —2. (4.1)
Applying Definition 2 (2)-(b-2) now to ug, we have

v(1,2) —v(1,1) > v(0,2) —v(0,1) > 1.5, (4.2a)
u(1,1) — v(1,0) > 1. (4.2b)

The first inequality in (4.2a) follows from the supermodularity assumption on v. Adding
(4.2a) and (4.2b) yields v(1,2) — v(1,0) > 2.5 which, when added to (4.1), gives v(1,2) —
v(0,0) > 0.5. This violates Definition 2 (2)-(a).

On the other hand, (1,1) is the unique stochastically stable state.!3 The proof of the
latter fact relies on an appropriate definition of the stochastic potential developed in [1].
For each state s € S, a revision s-tree is a tree with S as the set of nodes such that from
any other state in S there is a unique path of unilateral deviations terminating at s. Thus
a revision s-tree is a tree rooted at s and an edge (s', s”) belongs to it only if s” = (s}, s",)
for some ¢ and s/ # s;. The set of all revision s-trees is denoted by T (s). Define the waste
associated with an edge (s',s”) in a revision s-tree T by'?

w(s',s") = glélgf ui(8i,8";) —ui(s!, ")
where 7 is the player who unilaterally deviates from s’ to s”. The waste of a revision s-tree
T is defined as the sum of the wastes associated with all edges in T,

w(l)= > w(ss"). (4.3)

(s',s")ET

13Tn order to show that other equilibrium selection results on LP-max would fail without appropriate
monotonicity conditions, some other example must be used. Indeed, (0,0) is a strict (1/2,1/2)-dominant
equilibrium (see Section 5), and hence, is robust to incomplete information ([7]) and selected by perfect

foresight dynamics ([18]).
14The waste corresponds to the resistance in the language of perturbed Markov chains. In the adaptive

learning model of [25] (resp. [9]) the number of mistakes (resp. mutations), i.e. non best response choices

of actions, needed to move from one state to another is taken as the resistance.
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The stochastic potential of a state s is then defined as

m(s) = Tren}r(ls) w(T). (4.4)

The main result in [1] asserts that the set of stochastically stable states for the log-linear
dynamic is precisely those with the smallest stochastic potential.

Back to the 2 x 3 game in question, note that there are only two recurrent classes of the
best-response dynamic namely, {(0,0)} and {(1,1)}. Consider the (1,1)-tree composed of
the following three paths of unilateral deviations: (i) (0,0) — (0,2) — (1,2) — (1,1), (ii)
(0,1) — (1,1), and (iii) (1,0) — (1,1). The waste of this tree is 0.5. On the other hand,
any revision (0, 0)-tree has a waste of at least 1 since any edge ((1, 1), s) has an associated
waste of 1. This shows that (1, 1) has the smallest stochastic potential and so is the unique
stochastically stable state.

Note that the least costly path of unilateral deviations from (0,0) to (1,1), the path
(i) above, is not monotonic. This path contributes to stochastic potential of (1, 1) while,
in deciding whether (1, 1) is an LP-max or not using Proposition 1, such path is not taken

into account. O

Example 3 exhibits a non potential game with an LP-max but without supermodular
payoff functions or a supermodular local potential function. As such it belongs outside
the class of games to which Theorem 2 is applicable. The next example, taken from
[23], exhibits a potential game that is outside applicability of Theorem 2 even though
a potential maximizer, a fortiori an LP-max, is stochastically stable. The point is that
a potential maximizer is an LP-max with the potential function as one possible local
potential function, and there may be others that serve as local potential functions. If one
of them is guaranteed to be supermodular, then Theorem 2 would apply to all potential

games. The example demonstrates that there is no such guarantee.

Example 4 ([23])
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0 1 2 0 1 2

0| 4,4 2,2 0,0 0 4 2 0

11 0,0 3,3 0,0 1 0 3 0

2| 2,2 0,0 3,3 2 2 0 3
Game u = (u1, us) Potential Function ¢

This is a potential game with s* = (0,0) being the potential maximizer and hence the
LP-max. The potential function is exhibited in the matrix on the right. By Theorem 1,
(0,0) is stochastically stable. We show below that, first, neither the payoff function nor
the potential function is supermodular under any orderings of the strategies, and, second,
no local potential function for (0,0) different from 9, if any, can be supermodular.'®

Hence Theorem 2 is silent on the stability of (0,0).

To show that u; is not supermodular under any orderings, suppose that 0 <; 1. By
comparing u (1, s2) — u1(0,s2) for s = 0,1,2, we see that uy is supermodular only if
0 <9 2 <5 1. However, u1(2, s2) —u1(0, s2) is neither increasing nor decreasing in sg under
the ordering 0 <9 2 <5 1. So 1 <3 0, but this is also incompatible with supermodularity
of u;. A similar line of reasoning applies to ug, and also to v as 0(-) = u;(-), i = 1,2.

Next, suppose that v is a local potential function for (0,0) and it is supermodular with

respect to some orderings of strategies, <1, <9.'® Suppose that 0 <; 1. By Definition 2

15This game does not have a weighted LP-max with an LP-function that is supermodular, and, in
addition, exhibits diminishing marginal returns. This follows from an argument independently developed
in [24] and essentially identical to ours in this example (Example 5.17 in [24]). Uno examines a three-player,
three-action game which is reduced to our example when one of player 3’s action is fixed. He shows that
the 3x3x3 game does not have a weighted LP-max with the two monotonicity properties using inequalities
relevant only to players 1 and 2. Thus Uno’s argument subsumes that for our example. Nonexistence of a

weighted LP-max with supermodularity alone remains to be seen.
Tt is not difficult to check that, even if one uses the set-valued formulation of LP-max (Definition 4

in Appendix B), (0,0) can be an LP-max only under the ordered domain with the finest partitions of the
strategy sets.
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(2)-(b-2) applied to u;, we have

v(1,0) —v(0,0) > —4, (4.5a)
v(1,1) —v(0,1) > 1, (4.5b)
v(1,2) —v(0,2) > 0. (4.5¢)

If 1 <5 0, then supermodularity of v and (4.5b) imply v(1,0) — ©(0,0) > 1. This
violates Definition 2 (2)-(a), i.e., v(0,0) > v(s), Vs # (0,0). So we must have 0 <y 1.
Similarly, we must have 0 <5 2. Hence from Definition 2 (2)-(b-2) applied to us we have

v(0,1) — v(0,0) > —2, (4.6a)

v(1,1) —v(1,0) > 3, (4.6b)

v(2,1) — v(2,0) > —2, (4.6¢)
and

v(0,2) —v(0,0) > —4, (4.7a)

v(1,2) —v(1,0) > 0, (4.7b)

v(2,2) —v(2,0) > 1. (4.7¢c)

If 2 <; 0, then supermodularity of v and (4.7¢) imply v(0, 2)—v(0,0) > 1 which violates
Definition 2 (2)-(a). So we must have 0 <; 2 and hence from Definition 2 (2)-(b-2) applied

to u1; we have

v(2,0) —v(0,0) > -2, (4.8a)
v(2,1) —v(0,1) > —2, (4.8b)
v(2,2) —v(0,2) > 3. (4.8¢)

If 2 <5 1, then supermodularity of v and (4.8c) imply v(2,1) — v(0,1) > 3. Add this
inequality to (4.6a) and get v(2,1) —v(0,0) > 1 which violates Definition 2 (2)-(a). So we
must have 1 <5 2, hence 0 <3 1 <3 2, and from Definition 2 (2)-(b-2) applied to us we
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have

v(0,2) —v(0,1) > -2, (4.9a)
v(1,2) —v(1,1) > =3, (4.9b)
v(2,2) —v(2,1) > 3. (4.9¢)

If 2 <; 1, then supermodularity of v and (4.9¢) imply v(1,2) — v(1,1) > 3. Add this
inequality to (4.5b) to get v(1,2) — v(0,1) > 4 which, by adding (4.6a) gives v(1,2) —
v(0,0) > 2, violating Definition 2 (2)-(a). So we must have 1 <; 2, hence 0 <; 1 <3 2,
and from Definition 2 (2)-(b-2) applied to u; we have

v(2,0) —v(1,0) > 2, (4.10a)
v(2,1) —v(1,1) > -3, (4.10b)
v(2,2) —v(1,2) > 3. (4.10c)

Now, supermodularity of v, 0 <3 1, and (4.10a) imply v(2,1) —v(1,1) > 2. Add this to
(4.6b) to get v(2,1) —v(1,0) > 5 which, by adding (4.5a), gives v(2,1) —v(0,0) > 1 which
violates Definition 2 (2)-(a). By a symmetric argument it can be shown that assuming

1 <5 0 implies 2 <; 1 <; 0, 4 = 1,2, and leads to a violation of Definition 2 (2)-(a). O

Examples 3 and 4 together demonstrate the scope of our theorem. More importantly,
they highlight the divergence between the potential maximizer and the LP-max that makes
supermodularity (resp. related monotonicity conditions) necessary for stochastic stability
(resp. equilibrium selection and robustness).

We will present the proof of Theorem 2 in Section 6. Before closing this section we give
a brief explanation of the key ideas to help the reader understand the formal proof better
and for those who wish to skip the technical details. The basic principle is most simply
illustrated in the case where a local potential maximizer s* = (s7,. .., s}) is such that each

s} is the maximum element of the associated ordering <;. Then, whenever s; <; s, the

(2
difference in payoff to player i caused by switching unilaterally from s; to s, is bounded
from below by the corresponding difference in the values of the local potential function v

(Definition 2 (2)-(b-1)).
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Now consider two log-linear dynamics, one for the original payoff functions, call it
the u-dynamic, and the other, the v-dynamic, for the local potential function v as the
payoff function common to all players. In a log-linear dynamic, the difference in payoffs
from unilaterally switching from s; to s is (proportional to) the log ratio of the choice
probabilities between the two actions (Equation (2.1)). So, the ratio of the probability
of choosing s, over the probability of choosing s; in the u-dynamic is at least as large
as the corresponding ratio in the v-dynamic. As a consequence, after the first transition
starting at the same initial state, the u-dynamic is more likely to be in a higher state (in
<; orderings) than the v-dynamic is.

At this point, the two dynamics will have different distributions of states. So, we cannot
conclude that, after the second transition, the u-dynamic is more likely to be in a higher
state than the v-process is. Supermodularity assumption is precisely what is needed to
remedy this situation. For instance, if u;’s are supermodular, then the u-dynamic is more
likely to move toward a higher state than a lower state when it starts from a distribution of
states under which higher states are more likely. Hence, the u-dynamic is also more likely
to move toward a higher state than the v-dynamic because the u-dynamic is more likely
to be in a higher state already. A similar reasoning applies in case v is supermodular.
Since the v-dynamic tends toward s* (Theorem 1), and this is the highest possible state,
the conclusion of our main theorem follows.

In short, we show that, in the presence of a local potential maximizer, (a) two Markov
chains (one-step transition matrices), one for u;’s and the other for v, are stochastically
ordered (Proposition 3) and (b) the supermodularity assumption preserves this ordering
for all ¢-step transition matrices (Proposition 4). While we use only elementary tools of
finite Markov chains, interested readers can find additional information on comparison of
Markov processes, general stochastic processes and dynamical systems in [8], [11], [22],
[15], and [21].

5 Local Potential Maximizer with Non-constant Weights

In this section we discuss stochastic stability, and lack thereof, of a weighted potential

maximizer ([12]) and its generalization, a weighted local potential maximizer. The dis-
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cussion serves to better understand the nature of the log-linear dynamic, especially its
sensitivity to the cardinality of payoffs.

A strategy profile s* is a weighted potential maximizer if there exists a function (po-
tential function) v : S — R and weights w; > 0, ¢ = 1,..., 1, with the property that s*

maximizes v and
wi(s5,5—5) — ui(si, 5—i) = w; (v(s}, s—i) — v(s4,5-;)) (5.1)
foralli=1,...,1, s;,s, € S; and s_; € S_;.

Definition 3 ([13]) A strategy profile s* = (si,...,s}) is a weighted local potential max-
imizer (weighted LP-max)!” for payoff functions v = (u1,...,us) if there exist

(1) a total order <; on each S;,i=1,...,1

(2) a function v : S — R, and a collection of nonnegative numbers {w;(s;)|s; € Si}

(weights) for each ¢ = 1,...,I such that
(a) v(s*) > v(s) for all s # s*,
(b) for each i, and every s_; € S_;,

(b-1) if s; <; sF and s; # s, then
wi(si) (v(s],5-0) —v(si,s-4)) <wilsy, i) — ui(si, s—4),

(b-2) if s} <; s; and s; # s, then
wi(si) (v(si, 5—i) —v(s;,5-)) = wilsi, 5—i) — ui(s; , 5-5).
+

smaller) than s;.

where s;” (resp. s;) is the smallest (resp. largest) element of S; that is larger (resp.

If s* is a weighted potential maximizer with a potential function v and weights w;,
i=1,...,1I, then it is a weighted local potential maximizer under any orderings of strate-
gies with v as a local potential function and weights w;(s;) = w; for all i and s;. The

first example, due to [1], demonstrates that a weighted potential maximizer may not be

'"In [13], this is taken as the definition of an LP-max. In order to avoid confusion with Definition 2, we

use the modifier weighted.
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stochastically stable and hence Theorem 1 does not extend to weighted potential games.
Further, the associated potential function in this example can be made supermodular un-
der some orderings of strategies and so some games with weighted LP-max lies outside the

scope of Theorem 2.

Example 5 ([1])

0 1 0 1

0| 2,2 0,0 0 2 —6

1] 0,0 | 10,1 1] 0 4
u = (u1,us) v

Strategy profile (1, 1) is the weighted potential maximizer with the potential function v
shown on the right matrix and the weights w; = 1 and wy = %. With respect to orderings
0<;1,i=1,2, the function v is supermodular.

It is easy to compute stochastic potentials of (0,0) and (1,1) using the method dis-
cussed in Example 3: 7((0,0)) = 1 and =((1,1)) = 2. Therefore (0,0) is the unique
stochastically stable state.

Could the stochastic stability of (0,0) be demonstrated as a consequence of Theorem 27
The answer is no. In fact, there is no LP-max (according to Definition 2) for this game. For
example, take the orderings 0 <; 1, i = 1,2. For a path (s°,s!,s2) = ((1,1),(1,0), (0,0)),
we have A((s%,s!,52)) = (0 — 1)+ (2—0) =1 > 0. So Proposition 1 implies that (1,1) is
not an LP-max. Similar lines of reasoning work for other orderings and also for showing

that (0,0) is not an LP-max. O

It is easy to verify via a simple modification to the proof of Theorem 1 (see [4]) that if
we allow the parameter 5 to vary across players, 51 = 8 and Py = 43 for Example 5, then
the weighted potential maximizer becomes stochastically stable, i.e., p(q 1) (u, (5, 45)) —1
as 8 — oo. More generally, consider a log-linear dynamic where the parameter 3 for player
i’s stochastic choice rule (2.1) (resp. (2.2)) is replaced by ;. Again the Markov chain
generated by this dynamic is irreducible and aperiodic. The proof of the next proposition

is virtually identical to that of Theorem 2 and thus omitted.

20



Proposition 2 Suppose that s* is a weighted LP-max for uw = (u1,...,ur) with a local
potential function v and weights w;(s;) = w; for each i =1,...,I and s; € S;. If u or v
is supermodular, then s* is the unique stochastically stable state of the log-linear dynamic
with coefficients B; = w%, i=1,...,1.

A complementary way of looking at Proposition 2 is that we can make the strategy
profile (1, 1) stochastically stable in the original dynamic with a common § by applying
an affine transformation to player 1’s payoffs. The lack of invariance of the stochastically
stable state to affine transformations is a distinctive feature of the log-linear dynamic.

To illustrate this point further, consider a 2-by-2 game with S; = Sy = {0,1} with
(0,0) and (1,1) being strict equilibria, just as in Example 5. Now modify the log-linear
choice rule, (2.1), so that the log likelihood ratio of choosing one action over another is
linearly proportional to the relative difference of payoffs they yield.'®

3 <’U«z‘(1:3j) — u;(0, s5)

pi(L]s: ui,pB)
Ipnfr -2 " r/
n D;

pi(0|s: ui, )
where D; > 0 is the sum of the payoff losses caused by unilaterally deviating from each equi-
librium: Dy = [ug(1,1) — u1(0,1)] + [u1(0,0) — u1(1,0)] and Dy = [uz(1,1) — ua(1,0)] +
[u2(0,0) — u2(0,1)]. The Markov chain on S derived from this choice rule, a relative log-

>, 1=1,2, 7 #1, (5.2)

linear dynamic, is irreducible and aperiodic with a unique invariant distribution u”(u, 3).
It is clear that (5.2) is unchanged if we apply an affine transformation to the payoff
function u;. Note also that

pi(1]s:u,B) | pi(l]s:uj,p)
p£(0‘53ui75) pi(0‘53u£75)

where u] (s) = “})(f), and so u"(u,8) = p(u", B). That is, the relative log-linear dynamic

with the original payoff functions v = (uy,u2) is the original log-linear dynamic with the
relative payoff functions " = (uf, uj).
If (0,0) (resp. (1,1)) is a weighted potential maximizer for u = (uy,u2), then it is a

(exact) potential maximizer for v” = (u], u5) and so Theorem 1 implies that (0,0) (resp.

8We could study this choice rule and the resulting dynamic for general normal form games, but it is

beyond the scope of this paper.
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(1,1)) is the stochastically stable state of the relative log-linear dynamic. More generally,
if (0,0) (resp. (1,1)) is a weighted local potential maximizer for v = (u1, u2), then (0,0)
(resp. (1,1)) is the stochastically stable state of the relative log-linear dynamic. The proof
is a straightforward application of Theorem 2 (see [17]).1°

Let us make a brief remark on a notion of equilibrium closely related to LP-max: p-
dominant equilibrium. Let p = (p1,...,pr) with 0 < p; < 1,4 = 1,...,1. A strategy
profile s* € S is a p-dominant (resp. strict p-dominant) equilibrium if, for every i, s} is
a (resp. the unique) best response to any mixture over S_; that puts probability at least
(resp. strictly greater than) p; on s*,.

For games where each player has two actions, if s* is a strict p-dominant equilibrium
with p; + -+ + pr < 1, then s* is a weighted LP-max ([14]) with a supermodular local
potential function. Moreover, for 2-by-2 games, a strict (p1,p2)-dominant equilibrium
with p; +p2 < 1 is a weighted LP-max with strictly positive weights ([14]) and so it is the
stochastically stable state of the relative log-linear dynamic.

Links between p-dominant equilibrium and the original form of log-linear dynamic
is more tenuous. For instance, a (p1,p2)-dominant equilibrium in a 2-by-2 game with
max {p1,p2} < % is stochastically stable in the original dynamic. In general, however, a
p-dominant equilibrium with p; +- - - +py < 1 is not necessarily stochastically stable, even

for symmetric games with max; p; < 1/2. See [17] for the details.

6 Proof of the Main Theorem

We carry out the proof of Theorem 2 in a series of steps that examine the relationship
between two Markov chains, Q(v, ) for the game with a local potential v as a common
payoff function (v-dynamic), and Q(u, 3) for the game with given payoff functions u =
(u1,...,ur) (u-dynamic). By Theorem 1, the stochastically stable state of the v-dynamic
is s*, the local potential maximizer. In order to show that s* is also stochastically stable
in the u-dynamic, we establish a stochastic ordering between the two dynamics, not only

in the limit as 8 — oo, but for each 8 < oco.

19Supermodularity condition is trivially satisfied for games under consideration.
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6.1 Stochastic Orders

Let <; beatotal orderon S;,7 = 1,...,I. The associated product order on § = 51 x---xS7
is denoted by <g. Thus (51, ... ,31) <s (5’1, .. .,5’1) iff s; <; s for all i. We say that a set
T; C S; (vesp. T C S) is increasing if s; € T; and s; <; s} imply s; € T; (resp. s € T and
s <g ¢ imply s’ € T'). Clearly, T; C S; is increasing if, and only if, T; = {s; € S;| s} <; s;}
for some s, € S;, and T C S is increasing if, and only if, it is a union of sets of the form
Ty X --- x T7 where each T; C S; is increasing. In particular, if 7' C S is increasing then
T; = {si € S;|(si,s—;) € T for some s_;} is increasing for every i.

Let A(S;) (resp. A(S)) be the set of all probability distributions on S; (resp. S). For
any i, v; € A(S;), we write p; < v; if p;(T;) < v;(T;) for any increasing set T; C S;.2°
Similarly, for any u,v € A(S), we write p < v if u(T") < v(T') for any increasing set 7' C S.

The next lemma is standard and stated without proof.

Lemma 1 For any p;,v; € A(S;), pi <qi v if, and only if,

> pils)d(si) < > vilsi)d(si)

SiGSi SiGSi
for every nondecreasing function ¢ : S; — R. Similarly, for any u,v € A(S), p < v if,
and only if, Y cq ts¥(s) < D cqVsth(s) for any nondecreasing function ¢ : S — R.

Let P and () be transition matrices of Markov chains on S. Denote the “s-th row” of
P and @Q by p(-|s) and ¢(-|s), respectively. We write P < Q if p(-|s) < q(-|s) for every

s € S (every row of @ first-order stochastically dominates the corresponding row of P).
Lemma 2 If P < Q, then pP < p@ for any p € A(S).
Proof. Let T C S be an increasing set and p = (pus)ses € A(S). Then

(uP)(T) = psp(T]s) <Y peq(T| 8) = (uQ)(T)

sES seS

where the inequality follows from the assumption P < Q. Q.E.D.

20This is just the definition of first order stochastic dominance.
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6.2 Comparison of Markov Chains Q(u,5) and Q(v, 5)

Now suppose that s* = (s],...,s7) is a local potential maximizer for payoff functions
u = (ug,...,ur) with the associated total orders <; on S;, i = 1,...,1, and a local
potential function v : S — R. The main idea of the proof is as follows. We split the
Markov chain for the v-dynamic into two chains, @~ (v, 8) and Q" (v, 3). In the dynamic
associated with Q™ (v, 3) (resp. Q*(v,[3)), player i (if he is given a chance to revise his
action) can switch to s; only if s; <; s (resp. sf <; s;). The Markov chain for the
u-dynamic, Q(u, 3), is shown to be “sandwiched” between Q~ (v, 3) and Q* (v, 3) in the
stochastic order < as defined above. Under the additional assumption of supermodularity
(of v or each w;) this order is preserved for the corresponding ¢-step transition matrices.
Letting ¢ tend to infinity the invariant distribution for Q(u, ) is shown to be similarly
sandwiched between the invariant distributions for Q@ (v, 8) and Q™ (v, 3) for every 3 > 0.
Finally, both the invariant distributions of Q@ (v, 3) and Q™ (v, 3) are shown to converge
to a point mass on s* as  — oo and the proof is complete.

Set S; = {s; € Si|s; <isf} and ST = S] x--- x S§;. Define a modified log-linear

choice rule p; (si|s : fi, 5), where f; = u; or v, by

pi(sils : fi, B)

— Ry _
p; (sils: fi, 8) = 1(s} € S; )m (6.1)
or, more specifically,
eBli(sis—i) . 3
» Z JETAR if s; €5,
p; (sils: fi, B) = res (6.2)
0 otherwise.

Let Q7 (f.8) = (4., (f,B))s,s7es where q_,(f,3) is computed by substituting (6.1) into
(2.3). Thus Q (f, 5) is the transition matrix for a log-linear dynamic where transitions

to states outside of S~ are prohibited.
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Similarly, let S;” = {s; € S; | s} <i s;}, ST =5 x -+ x S}' and define

eﬁfi(sgjvs—i)

if s/ e S
Bfi(s} ,s—s) v v
e By T e g PGS fB) ) D e
pi (82’8 . fl?/B) - I(S’L € Sz )pz(s:,-‘s . fuﬁ) - SIZ-IES:» (63)
0 otherwise.

The corresponding transition probability is denoted by q:s,( f,B) and we set QT (f,) =
(qz_s/(fa B))s,s’es-

For each s € S, let qs(f,8) = (gss(f,5))ses be the “s-th row” of Q(f, ), and,
similarly, let g5 (f, 8) = (¢,5/(f, 8))ses and ¢ (f, B) = (45, (f, B))sres-

Proposition 3 Q7 (v,58) < Q™ (v, 8) < Q(u, B) < QT (u, B) < QT (v, B).

Proof. We will only show Q™ (v,58) < Q (u,5) < Q(u, ) as the proof of Q(u, ) <
Qt(u, B) < Q" (v, B) is similar.

First, we verify Q@ (v,5) < Q@ (u,f), i.e., ¢; (v,5) < ¢; (u,B) for all s € S. Since
4. (f.B) = Zle pil(s’;, = s_;)p; (si|s : f,B) where f = v or u;, it suffices to show that
p; (+]s:v,8) <ip; (+]s:u;,B) for all ¢ and s. Take s}, s/ € S; with s} <; 7. If s7 <; s7

and s # s}, then by the definition of p; we have
Py (si s 0. B)p; (si|s:ui, B) = 0=p; (si|s:0,B)p; (si |5+ wi, B).

On the other hand, if s/ <; s, then, by (6.2) and since s* is an LP-max (Definition
2(2)-(b-1)), we have

pi_ (Sé’ ’ s ,076) eﬁv(sgl75—i) eﬁui(sggs_,-) B pi— (S;:I ’ S: Uza/@)

= 7 < Ty = = .
pZ_ (S{L | S : U,,B) 6/811(8,57572') eﬁui(siysfz) pZ (S{L | S u“ﬁ)

Thus p; (-|s : v,B) is smaller than p; (-|s : u;, ) in the likelihood ratio order. Hence,
p; (+]s:v,6) <ip; (+]s:u;,B) (the first order stochastic dominance) follows from the
standard argument.

We now turn to the proof of @~ (u, 8) < Q(u, B), i.e., q; (u, ) < ¢s(u,B) for all s € S.
Again, it is enough to show that p; (-|s : u;,8) <i pi(-|s : u;,8). Let T; C S; be an
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increasing set. From the definition of S, , it is easily seen that either T; NS, = @ or
T;US; =8;. fT;NS; =, then p; (T;|s:u;, ) =0 < pi(T;|s:u;, B). UT;US; =S;,
then T; \ S;” = S; \ S; . So (omitting references to s, u;, and 3)

pi(T)pi(S;7) = [pi(Ti N S;7) +pi(Ti \ S;)pa(S;)
= [pi(Ti N S;) + (1 = pi(S;)Ipi(S;)
= (1= pi(S; )pi(S; ) +pi(S; )pi(T; N S;7) = pi(Ti N S;)

and hence p; (T;) < pi(T;). Q.E.D.
Lemma 3 Let T C S be an increasing set and, for each i = 1,...,I and s € S, let
Ti(s) = {s; € Si| (s},s_i) € T}. If the local potential function v is supermodular, then the
two functions ¢; : S — R and ¢ : S — R defined below are nondecreasing.

¢i(s) =p; (Ti(s) |5 : v, ), = q.(,

s'eT
Proof. Since

=> q,p) = sz _)p; (si]s v, B)

s'eT s'eT i=1
—szz Li=s-i)p; (sils v, B)
=1 s'eT
1
—sz Do pisilsiv,8) = pici(s)
= s,€T;(s) i=1

it is enough to prove the claim only for ¢;. If s <g s’ and 5; <; §;, then by the supermod-
ularity we have v(8;, s_;) — v(5;, s—;) < v(8;, s ;) — v(5;,s";) and hence, by (6.2),
P (ilsiv,B) M) ) (5| 0, B)

= _ < = :
P (Gils:0,B) | PG = F) T (5|8 v, B)

It follows that p; (-|s:v,5) <i p; (-] : v,B). Since T is increasing, T;(s) is increasing
for any s € S. In addition, T;(s) C T;(s’) whenever s <g s’. Hence

¢i(s) =p; (Ti(s) s :v,8) < p; (Ti(s)| 8" 1 v, B) < p; (Ti(s) | 8" 2 0, B) = i(s)
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as claimed. Q.E.D.

Corollary 2 Suppose that v is supermodular. Then for any u,v € A(S) with p < v, we
have pQ~ (v, B) < vQ~ (v, B) and pQ* (v, B) < vQ™ (v, B).

Proof. Let p = uQ (v,B) and ¢ = vQ~ (v, 8), and let T" C S be an increasing set. Then

= 3 e (0.8) =D e > a4 (v.8) = 3 pso(s)

s'eT ses seS s'eT seSs

where ¢(s) is defined as in Lemma 3. Similarly, ¢(T') = > g vs¢(s). Since p < v and ¢
is nondecreasing by Lemma 3, we have p(T') < ¢(T') by Lemma 1. Hence p < ¢q. The proof
for Q" (v, ) is similar and omitted. Q.E.D.

Proposition 4 Suppose that either v is supermodular or u; is supermodular for each
i=1,...,1. Then, for any pu,v € A(S) with p < v, we have p@Q~ (v, ) K vQ~ (u,B) X
vQ(u, B) and pQ(u, B) < pQ* (u, B) < vQ™ (v, B).

Proof. We carry out the proof only for Q—. Take u,v € A(S) with p g vand let T'C S
be an increasing set. Suppose first that v is supermodular. Then uQ~ (v, 8) < vQ~ (v, f)
by Corollary 2, and vQ~ (v, 8) < vQ~ (u, ) < vQ(u, ) by Proposition 3 and Lemma 2.
Hence 1Q (v, 8) < vQ~ (u, ) < vQ(u, ).

Next, suppose that each u; is supermodular. Let p = u@Q~ (v, ), ¢ = vQ~ (u, ) and let
T C S be an increasing set. Define a function ¢ : S — Rby ¢(s) = > cr ¢, (u, ). Recall
the function ¢ from Lemma 3, ¢ = > . ¢, (v, 8). Since Q™ (v, ) < Q™ (u, 8) (Proposi-
tion 3) we have ¢(s) < 1)(s) for every s € S. So p(T') = >, cq 1s?(5) < Y scg Ms¥(s). By
an argument similar to that in the proof of Lemma 3 it follows that ¢ is nondecreasing.
Since p < v, Lemma 1 implies Y ¢ pst)(s) < Y cqvstp(s) = q(T). So p(T) < q(T) and
hence uQ~ (v, B) < vQ~ (u, B). The proof is complete by noting that vQ~ (u, 5) < vQ(u, )
by Proposition 3 and Lemma 2. Q.E.D.

The next lemma is a straightforward variation of a result by [4].
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Lemma 4 (a) Q@ (v, ) has a unique invariant distribution given by

~ ifseS™
B Z ePu(s’)
prw B = 2 (6.4)
0 otherwise

and, similarly, Q" (v, B) has a unique invariant distribution given by

) if s € St
= 2 (65)
s s'eS+
0 otherwise

(b) The unique stochastically stable state of Q™ (v, 3) and QT (v, ) is s*, i.e.,
lim pg (v, f) = lim uf(v,8) = 1. (6.6)
B—00 B—00

Proof. Since (b) is a straightforward consequence of (6.4), (6.5) and v(s*) > v(s) for
every s # s* (Definition 2), we will only show (a). Again, we carry out the proof only for
Q- (0,5).

Observe first that Q@ (v, ) has a unique recurrence class S~ and it is aperiodic. Hence,
@ (v, 8) has a unique invariant distribution whose support is S~. To see that u= (v, )
defined by (6.4) is indeed an invariant distribution, hence the unique one, it is enough to
check that it satisfies the detailed balance condition, p; (v, 8)q,. (v, ) = p (v, 8)q, (v, B)
for any s,s’ € S.

If either s ¢ S~ or s’ ¢ S~ or, if s and s’ differ in more than one coordinate, then the

both sides of the equality are 0. If s,s' € S~ and s = (s}, 5_;) (so s = (s;,5";)), then

B B 6,31)(5) eﬁv(s;,s,i)
K (UHB)qss’(v’ﬁ) - Z eﬁv(sﬂ) pi Z 6,311(8;/7871‘)
ses- sles;
eﬂv(s’) G’BU(Si’Sl_i) B 3
B Z eﬁ”(s”)pi Z eBo(sis;) - MS’(U’ﬂ)qs’s(U75)'
s"eS— si'eS;
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Q.E.D.

We are now ready to complete the proof of Theorem 2. Recall that Q(u, ) is irreducible

and aperiodic, and its unique invariant distribution is denoted by u(u, ).

Proof of Theorem 2. We will show that p~ (v, 8) < p(u, 8) < u* (v, 8) which, together
with Lemma 4-(b), implies that limg_, o pre=(u, ) = 1.

By Proposition 3 we have Q™ (v, ) < Q(u, 8). Suppose that v is supermodular or each
u; is supermodular. Let u,v € A(S) be such that p < v. Then u@Q (v, 8) < vQ(u, )
by Proposition 4. Repeated application of Proposition 4 leads to uQ~ (v, 8)* < vQ(u, 3)*
for every k = 1,2, .... Letting k¥ — oo and noting that each row of limy_,. Q™ (v, 3)* and
limy_o0 Q(u, B)* is identical to u~ (v, 8) and p(u, B), respectively, we obtain = (v, 8) <
w(u, B). A similar argument shows u(u, 3) < ut (v, 8). Q.E.D.

7 More General Forms of Interaction

We have so far considered the log-linear dynamic on a strategic form game with a fixed
set of players. Our results in previous sections also hold under more general forms of
interactions among players specified by a finite graph which includes as a special case the
local interactions studied in [4].

Recall that our basic game is a finite I-person game G in strategic form, (.5;, ui)i:L._J.
Each i = 1,...,1 will now be referred to as a player position. A local interaction over a
basic I-person game G is described by a multipartite graph G = (Ny,..., N7, E) where
N; # @, NyNN; = @ for any ¢ and j # 4, and E C N = Ny x --- x N;. Each
element of N; represents an individual who plays a role of player ¢ in G. Each element
in E (edges) represents a profile of I players, one from each N;, who interact to play
G. We assume that every individual in every N; participates to play G at least once.
That is, the projection of E to the i-th coordinate is IV; itself. For each ¢ and n € NN;,
let E_;(n) be the collection of I — 1 players who interact with an individual n. That is,
E_i(n) ={e—i € N_;|(n,e—;) € E} where N_; = x;£;N;.

The local interaction game G(G) has Ny U --- U Ny as the set of players and each
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player n € N; has the set of actions S;.2! Players’ choices of action are summarized by
a configuration ¢ = (¢1,...,¢r) where ¢; : N; — S; represents choices of strategies by

players in N;. Given a configuration ¢, the payoff to player n € N; is

U(@) = Y, ui(¢i(n)-i(e-s)) (7.1)
e_,€E_;(n)
where ¢_;(e—;) = (gf)j(ej))j#.

The state space of the log-linear dynamic on G(G) is the set of all configurations,
= S{Vl X oo X S;VI. As before, at each stage, given a current state ¢, one player n
from one position i (i.e., n € N;) is given an opportunity to revise his action according to
the log-linear choice rule p;(-|¢ : Uy, B) defined as in (2.1) and (2.2). The probability of
transition from a state ¢ to ¢’ is defined analogously to (2.3). The resulting Markov chain
is again irreducible and aperiodic.

Population games studied in [4] is a special case of the local interaction defined above
where £ = Nj x --- X N;. Note that, if the interacting set of players are chosen randomly
at each stage according to the uniform distribution over Ni X --- x Ny, then the expected
payoffs to each player would be a constant multiple of (7.1). Thus the local interaction

model above encompasses a version of random matching.??

Potential Games. Suppose that G is a potential game. If v : § — R is a potential
function for G, then it is easy to verify that V' : & — R defined by

Vi) = 7 vl Z Y X cemea) 02

is a potential function for G(G). Clearly, V is maximized at any configuration ¢ =

(¢1,...,¢r) such that for every edge e = (e1,...,er) € E, the strategy profile ¢(e) =

2! As a special case, in [4], a local interaction over a two-player symmetric game is modeled by an
undirected graph (N, E) where E C N x N, E is disjoint from the diagonal, and every node is connected
to at least one other node. The payoff to n € N at a configuration ¢ : N — S is given by gn(¢) =

> men I((n,m) € E)u(é(n), ¢(m)). It is easy to convert this setup to a bipartite graph (N1, Na, E).
22The model can also accommodate assortative matching, but the stochastic stability of a potential and

a local potential maximizer is not guaranteed due to the cardinality issue discussed in Section 5.
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(¢1(e1),...,¢r(er)) maximizes v. Let ®* be the set of such configurations. By Theorem

1 we have

Corollary 3 ([4]) Suppose that G is a potential game with a potential function v and
hence G(G) is a potential game with a potential function V defined by (7.2). Then the

invariant distribution of the log-linear dynamic on G(G) with parameter [3 is

BV(®)

- 3 V@)

P'ed

1g(V; B) (7.3)

and the set of stochastically stable states is ®*.

Precise form of ®* depends on the detail of interaction, i.e., the graph G. But if there
is a unique strategy profile s* that maximizes a potential function v for the basic game G,

then ®* is a singleton set {¢*} where ¢*(e) = s* for every e € E.

Local Potential. From the discussion of the potential games above it is clear that if s*
is a local potential maximizer of the underlying game G with a local potential function
v, then ¢* where ¢*(e) = s* for every e € F is a local potential maximizer of the local
interaction game G(G) with a local potential V' defined by (7.2). The next result thus

follows from Theorem 2.

Corollary 4 Suppose that s* is a local potential mazximizer in G with a local potential
function v : S — R. If each u; is supermodular, or v is supermodular, then ¢* is the

unique stochastically stable state of the log-linear dynamic on G(G).

8 Concluding Remarks

Let us make a few remarks concerning the literature on equilibrium selection that employ
local potential and related notions. First, a weighted LP-max (Definition 3) is robust
to incomplete information under the same conditions as ours together with the following
additional condition: the local potential function or the payoff functions must exhibit

diminishing marginal returns ([14, Proposition 3]). Under the same condition, a weighted
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LP-max is globally accessible (for all sufficiently small degrees of friction) and linearly
absorbing under the perfect-foresight dynamic ([18, Lemma 4.2, Corollary 4.2]).

As to a weighted LP-max (Definition 3) with weights that may be player-specific but do
not depend on strategies, which includes the versions of LP-max used in our main theorem
as well as the one used in the results of Section 5, our results hold without the condition
of diminishing marginal returns. This is because this version of LP-max is a monotone
potential maximizer as defined in [14], and a monotone potential maximizer is robust to
incomplete information ([14]) as well as linearly absorbing and globally accessible ([18])
without this condition.??

A simple case of monotone potential maximizer can be described as follows. A strategy
profile s* is a monotone potential maximizer if one can find (a) a total order on each player’s
strategy set with s} as the maximum and (b) a real valued function v defined on the set of
strategy profiles with two conditions. First, s* uniquely maximizes the value of v. Second,
against any conjecture on other players’ strategies, a player has an action that is a best
response in the given game and is at least as large in the order found in (a) as some best
response action in the game with v as the payoff function common to all players.

In contrast to the log-linear dynamic, robustness and stability concepts used in [14] and
[18] only depend on the best response correspondence and so in particular are invariant
to an affine transformation of payoffs.

We end with a comment on our proof method: comparison of Markov chains. This
technique may be useful for characterizing the long-run behavior of dynamics other than
the log-linear dynamic (e.g. [25], [9]). If the invariant distribution of a dynamic is known
for a game with payoffs v’ = (u1,’,...,u}), and if w = (u1,...,ur) and «’ are ordered in
some appropriate sense — e.g., under the log-linear dynamics and v’ = v is a local potential
for © — then one could infer the invariant distribution for payoff functions u. Though this
statement remains at an intuitive level for now, attempts to formalize this general idea

seem worthwhile.

23In general, a weighted LP-max is a monotone potential maximizer if the diminishing marginal returns
condition is satisfied. Hence, the results in the above paragraph also follows from those on monotone

potential maximizers.
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Appendix

A Proof of Proposition 1

Suppose that we have a total order <; on each S;, ¢ = 1,...,I with the property that
A(so, s, SL) < 0 for every monotonic path of unilateral deviations s = s*,s!, ..., sl #
s*. We will verify that the function v defined by (3.4) is an appropriate local potential. It
is clear from (3.4) that v(s*) > v(s) for every s # s*. It remains to show that v satisfies
(b-1) and (b-2) in Definition 2.

Fix a player ¢ and s_; € S_;. To verify (b-1) take s; <; s} where s; # s*. Let 0 =

s*, st st = (s+ S 2) be a path that attains max A among all monotonic paths of uni-

i S—
lateral deviations starting at s* and ending at (sj, s_i). Thus, v(sj, S_;) = A(so, st sL).

0= g* st ..., sk = (sj,s,i),sLH = (si,s,i)

Consider a path of unilateral deviations s
which is monotonic as s; <; s? <; s; and s; # s;r. By the definition of v we have

v(si, i) > A(s9, 81, ..., sE, sET1) and so

v(sh,5_4) —v(si, 5-4) < A(So,sl, .. .,sL) — A(SO, st sL,sL+1)

7 7

S;r7 S—i) - Ui(Si, S—i)-

= g
which proves (b-1). The argument for (b-2) is similar.

Conversely, assume that s* is an LP-max with a local potential function v. If s =
s*, st ..., s # s* is a monotonic path of unilateral deviations (w.r.t. the orders associated
with s*), then it is straightforward to see that repeated applications of Definition 2 (2)-(b-
1) and (b-2) lead to u;, (s°) —u;, (s71) < v(s’) —v(s1) for each £ =1,..., L. Summing

over ¢ we have

A(s st sh) <o(st) —o(s”) = v(sh) —v(s*) < 0.

This completes the proof. Q.E.D.

B More General Definition of Local Potential Maximizer

Total orders on each strategy set is replaced by an ordered domain. An ordered domain

on S consists of, for each i =1,...,1, a partition of S;, denoted by {S;1,...,Sik,}, and a
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partial order <; on S; where s; <; s} if s; = s} or s; € Si, and s, € Sy with k < k. We
write s; <; s; in the latter case. Let S; be the algebra on S; generated by {Si1, ..., Sik, }.

For each collection of I integers k = (k1,...,kr) with 0 < k; < K;, we let S =
Stk X -+ - X Sk, and call a set of this form a measurable rectangle. Clearly, the family of
measurable rectangles form a partition of S. Let S be the algebra on S generated by this

family.

Definition 4 A set S* C S is a local potential maximizer (LP-max) for the payoff func-

tions w = (uy,...,uy) if there exist
(1) an ordered domain on S: {S;1,...,Sik,}, <i, i =1,...,I, such that S* is a measurable
rectangle, i.e., S* = Sy for some k' = (k},...,k}),

(2) a S-measurable function v : § — R (local potential function) such that
(a) argmax v = S*,
(b) for every i and every s_; € S_;,

(b-1) if k < k} and s; € Six, then U(S;-’_, si) —v(si,s_) <ui(sf,s_;) —u(s;,s_;) for

%

all s:r € Sik+1-

(b-2) if k¥ < k and s; € Sy, then v(s;, s—;) —v(s; ,5-5) > u;(s4,5-5) —ui(s; ,s—;) for

7 )

all Si_ € Sip_1.

A characterization of LP-max similar to Proposition 1 is as follows. Fix an ordered
domain over S, {Si1,...,Sik,}, <i, i =1,...,1. Recall that indices for measurable rect-
angles are denoted by bold letters, e.g., k = (k1,...,kr). We will also use notations such
as (ki, k_;) in the usual manner. For any pair of indices k = (ki,...,kr) and k' such
that k' = (k!, k _;) for some ¢ and k] # k;, we define

Mk, k') = max[u;(sj, 5-;) — ui(si, s-i)] (B.1)

where max is taken over all s; € S;i,., s' € S-ké and s_; € Sk _,. Thus A\(k, k') is the largest

17 (2
payoff difference to player ¢ when deviating unilaterally from some strategy profile in a
rectangle Sy, to another in Sy. We say that a (finite) sequence of indices, k°, k', ..., kL,

is a monotonic path of unilateral deviations if (1) k* = (kf, k*7') with k¢ # k! for some
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i foreach £ =1,...,L, and (ii) k?zki12~--2kf orkg’gk}g---gkf for all 3. For a

monotonic path of unilateral deviations k%, k!, ..., k¥ we set
L
AKO K kD) =D MK KD, (B2)
/=1
Proposition 5 A set S* C S is a local potential mazimizer for uw = (uy,...,us) if, and
only if, (a) there exists an ordered domain on S, {Si1,...,Sik,}, <i, i = 1,...,1, such
that S* is a measurable rectangle, S* = Sy, and (b) A(K°, k',..., kL) < 0 for every
monotonic path of unilateral deviations k° = k* k', ..., kT # k*. In addition, under

(a) and (b), the function v : S — R defined by the formula below serves as a local potential
function:
0 if s € S,
v(s) = / * (B.3)
max A(k°, k... kL) ifse S, k # k*.
where max is taken over all monotonic paths of unilateral deviations starting at k° = k*

and ending at k* = k.

The main result corresponding to Theorem 2 is as follows. Proofs and examples for

this generalized version of LP-max can be found in [17].

Theorem 3 Suppose that Sy is a local potential maximizer for v = (u1,...,us) with a
local potential function v : S — R. If each u; is supermodular, or v is supermodular,
then s € S is stochastically stable only if s € Sk, i.e., the support of limg_,o0 p(u, B) is

contained in Sy .2*

24To be clear, the supermodularity of u; or v stated in the theorem is with respect to the partial
orders on §; associated with an ordered domain which makes Sp+ an LP-max. So, for example, each u; is
supermodular if, for all 4, u; (s}, s—;) —us(si, 5—;) < u;(sj, s_;) —ui(si, s_;) whenever s; <; s; (i.e., s; € S,
s; € Sy with k < k') and s—; <_; s_; (i.e., s—s € Sp_,, 8" ; € Sy, with kj <; kj for all j # i and k; <; kj

for some j # 1).
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