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Abstract

In this paper, we use p-best response sets—a set-valued extension of p-dominance—in order to provide
a new sufficient condition for the robustness of equilibria to incomplete information: if there exists a set S
which is a p-best response set with ZII —1 Pi <1, and there exists a unique correlated equilibrium 1* whose
support is in S then ™ is a robust Nash equilibrium.
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1. Introduction

Consider an analyst that captures some strategic situation by a particular complete informa-
tion game. Suppose that he believes that the game describes reality with a high probability. If the
analyst’s prediction based on the complete information game is not qualitatively very different
from some equilibrium of the real incomplete information game being played, then one will be
justified in trusting his prediction. This provides a first insight of what can be a robust predic-
tion. Robustness of Nash equilibria (hereafter NE) to incomplete information was first studied
by Kajii and Morris (1997a). A NE of a complete information game is robust to incomplete in-
formation if every “nearby” incomplete information game has a (Bayesian) NE which is close
to it. “Nearby” incomplete information games are such that the sets of players and actions are
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the same as in the complete information game and with high probability, each player knows that
his payoffs are the same. Moreover payoffs are allowed to be different with very low probabil-
1ty.

Kajii and Morris (1997a) gave two sufficient conditions for the robustness of equilibria. First,
if there exists a unique correlated equilibrium! (hereafter CE) then it is robust to incomplete
information (clearly since we ensure the existence conditions of a NE and since Nash equilibria
are CE, a unique CE is necessarily a unique NE). The second condition is based on the concept
of p-dominant equilibrium. Recall that an action profile a = (aj, ..., ay) (we focus our attention
on [-player games) is a p-dominant equilibrium (respectively strict p-dominant equilibrium)
where p =(p1, ..., pr) if for every player i, each qa; is a best response (respectively the unique
best response) to any conjecture putting probability at least p; on other players choosing a_;.
Their second condition states that a p-dominant equilibrium with Z{Zl pi < 1isaunique robust
equilibrium.

The purpose of this paper is to provide a new sufficient condition for robustness using Higher
Order Beliefs techniques. This condition encompasses both Kajii and Morris’ (1997a) conditions
and is strictly weaker. Our approach is based on the notion of p-best response sets introduced
in Tercieux (2004). A p-best response set is an extension of p-dominance to sets of actions.
A set profile S = (Si, ..., S;) is a p-best response set? if for every player i, for any conjecture
putting probability at least p; on other players choosing an action in S_;, there exists a best
response in S;. Obviously, an action profile a is a p-dominant equilibrium if and only if {a} is a
p-best response set. Our concept can also be seen as an extension of risk-dominance introduced
by Harsanyi and Selten (1988). To see why, observe that in a symmetric 2 x 2 game, an action
profile is a (%, %)-best response set if and only if it is risk-dominant in Harsanyi and Selten’s
(1988) terminology.> Our main result states that if there exists a set S which is a p-best response
set with Zi]:l pi < 1 and there exists a unique CE u* whose support is in S, then p* is a robust
NE.#

Our condition generalizes Kajii and Morris’ (1997a) results. First, if u* is a unique CE, it is
the only CE with support in the whole action space which is trivially a p-best response (for all p).
Hence, n* is the unique robust Nash equilibrium which is Kajii and Morris’ (1997a) first result.
The second condition of Kajii and Morris (1997a) is also a particular case of our condition. Let
a* be a p-dominant equilibrium with Z{: 1 pi < 1. The singleton set {a*} is a p-best response
set with Z{: | pi <1 and contains a unique CE whose support is trivially in {a*}. Then a* is a
robust NE.

We then strengthen this sufficient condition using the notion of strict p-best response set. A set
profile S = (S1, ..., Sy) is a strict p-best response set if for every player i, for any conjecture
putting probability at least p; on other players choosing an action in S_;, all his best responses

I The concept of correlated equilibria is due to Aumann (1987).

2 Note that this notion is slightly weaker than the one used in Tercieux (2004) where we require that for every player i,
for any conjecture putting probability at least p; on other players choosing an action in S_;, all best responses are in S;.
As we will see later, such sets will be refered as strict p-best response sets.

3 Recall thatina 2 x 2 game, (ay, a) risk-dominates (by, by) equilibrium if, (g1 (ay, a2) —g1(b1, a2)) x (g2(ay, ar) —
ga(ay, b)) = (g1(b1,by) — g1(ay, b)) x (g2(b1,b2) — g2(b1,ap)). We say that (ay, ap) is the risk-dominant equi-
librium. Many papers have shown that risk-dominance can be used in order to characterize stochastic best response
dynamics, we have proved in Durieu et al. (2003) that this is also true for p-best response sets.

4 Morris and Ui (2005) investigate the robustness of set of equilibria. Our concepts could easily provide conditions on
robustness of set of equilibria. More precisely, a set of correlated equilibria that have support in a p-best response set
with Z{: 1 Pi < 1isarobust set of equilibria.
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are in S;. Thus, an action profile a is a strict p-dominant equilibrium if and only if {a} is a strict
p-best response set. We show that if there exists a set S which is a strict p-best response set with
Zi1=1 pi < 1 and there exists a unique CE, u* whose support is in S, then u* is the unique robust
NE.3

Together with higher order beliefs techniques, Ui (2001) and Morris and Ui (2005) have de-
veloped “potential” methods (in the manner of Monderer and Shapley, 1996) to provide new
conditions for the robustness of equilibria. Morris and Ui (2005) provide a sufficient condition
which is weaker than the one of Kajii and Morris (1997a) by introducing a concept of generalized
potential functions. Our last section shows that our sufficient condition can be seen as a partic-
ular case of Morris and Ui’s (2005) work. Nonetheless, as underlined in Morris and Ui (2005),
finding generalized potential functions is a rather difficult task whereas, as shown in Section 2,
p-best response sets can be found quite easily.

The remainder of this paper is organized as follows. Section 2 presents the concepts of p-best
response set and strict p-best response set. It also links these concepts to p-dominance and pro-
vides two simple examples. Section 3 recalls some results on higher order beliefs and introduces
the notion of robustness. Section 4 contains our main results and their proofs. Section 5 discusses
the link with potential techniques.

2. p-Best response set
2.1. Definitions

Throughout our analysis, we fix a complete information game I” consisting of a finite collec-
tion of players I = {1, ..., I} and, for each player i, a finite action set A; and a payoff function
gi:A—> R, where A=A x---x A;. Thus I' =[S, {A;}ies, {gi }ies]. We shall denote ]_[j# Aj
by A_; and a generic element of A_; by a_;. For any finite set S, denote by A(S) the set of all
probability measures on S. For u € A(A), we denote by Supp(n) = {a € A | u(a) > 0} the
support of L.

Definition 1. An action distribution € A(A) is a correlated equilibrium of I" if, for each i € 3,
and for all ¢;, a] € A;,

Z uai,a—i)gi(ai,a—;) > Z wlai,a—)gi(aj, a;).

a_jeA_; a_jeA_;

Note that an action distribution € A(A) is a Nash equilibrium of I" if it is a correlated
equilibrium and, for all a € A, u(a) =[],y ti(ai) where u; € A(A;). This indirect way of
defining Nash equilibrium is equivalent to the standard one.

Now, let S_; € A_;. In the sequel, we note IT}' (S_;) (respectively T/ (S_;)) for the set of
distribution of probabilities that assign a probability weakly (respectively strictly) above p; to
the event that the other players play in S_;. Formally:

H&Z"(S,->={AeA(Ai>} > A(a,->>pi};

a,iES,,’

5 This is also a generalization of Kajii and Morris (1997a, Corollary 5-6).
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and

' (s-) = {A eAUD| Y rap=p }
a_,'ES_,'
Let us restate the definitions of a p-dominant and a strict p-dominant equilibrium given by
Kajii and Morris (1997a).

Definition 2. Let p= (p1, ..., p;) € [0, 1.

(i) Action profile a* is a p-dominant equilibrium of I" if for all i € J, a; € A;, and all A €
(@),

> Madgi(af.ai)= Y raigilaia).
a_;€A_; a_;eA_;
(ii) Action profile a* is a strict p-dominant equilibrium of I" if for all i € 3, a; € A;\{a]'}, and
all A € 11)" (a*,),

D rMa-pgilaf,as)> Y Aa-pgilai,a ).

a_jeA_; a_j€A_;

Next we report the definitions of p-best response sets and strict p-best response sets as defined
in Tercieux (2004). These concepts have to be seen as set-valued extensions of respectively the
p-dominant and the strict p-dominant concepts. A set of action profiles S is a p-best response
set® if when any player i believes with probability weakly greater than p; that the other players
will play in S_;, player i has at least one best reply in S;. A set of strategy profile S is a strict
p-best response set if when any player i believes with probability strictly greater than p; that the
other players will play in S_;, all his best replies are in S;. Formally,

Definition 3. Let p = (p1, ..., p7) € [0, 1]7.

(i) Forsets S; CA;,i=1,...,1, S= XKiex Si is a p-best response set if for all i € 3, for all

A e ITh (S_)), there exists a; € S; such that
Y Mapgiaia) > Y Ma-igi(a),a—i) Vaj ¢S,
a_jeA_; a_jeA_;
(i1) Forsets S; CA;,i=1,...,1, S= Xies S; is a strict p-best response set if for all i € J, for
all A € ITY" (S_;), there exists a; € S; such that

Z Ma-i)gi(ai,a—;) > Z Ma—i)gi(al,a—;j) Vaj¢S;.

a,iEA,,' u,iGA,i

Notice that if S is a p-best response set (respectively strict p-best response set) then it is also
a p’-best response set (respectively strict p’-best response set) for any p’ > p. (In the sequel, for
the sake of convenience, we shall afford an abuse of notation and write S = (S1, ..., S;) instead
of §$=8; x---x81.)

6 Related notions can be found in Basu and Weibull (1991), Borgers (1994), Kalai and Samet (1984) and Pearce (1984).
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Remark 1. A is a trivial (strict) p-best response set for any p.

Remark 2. (af, ..., a}) is a p-dominant equilibrium (respectively strict p-dominant equilibrium)
if and only if ({a]}, ..., {a]}) is a p-best response set (respectively strict p-best response set).
Remark 3. (af, ..., a}) is a NEif and only if ({a]}, ..., {a]}) is a 1-best response set.

In a companion paper Tercieux (2004) we study the notion of minimal strict p-best response
sets. More generally, one can define a minimal (strict) p-best response set as a set X~ S; that
is a (respectively strict) p-best response set and that does not contain any proper subset that is a
(respectively strict) p-best response set. Tercieux (2004) proves the existence of minimal (strict)
p-best response sets for compact-continuous games’ (where p is a symmetric vector). Using the
kind of proof as in Tercieux (2004), one can prove the existence of minimal p-best response set
(where p is not necessarily a symmetric vector) in the same class of games. Note that in our
framework where games are finite, the existence is simple for the following reason. The set of
p-best response sets is non-empty (see Remark 1), finite and partially ordered by the weak set
inclusion. Thus the existence of a minimal element in that set is trivial and this is a minimal
p-best response set.

In the following, we develop two simple examples, where p-best response sets are character-
ized.

2.2. Example 1
Consider the following symmetric 3 x 3 game. Each player has three possible actions: L, M

and R.
Player 2

L M R
L |55]1,4 1,0
M| 41|33 3,35
R |0,1|353]4,4

Player 1

There exist two (pure) Nash equilibria: (L, L) whichis (p, p)-dominant for p > % and (R, R)
which is (p, p)-dominant for p > ‘5—‘. Then it is clear that Kajii and Morris’ (1997a) conditions
do not apply in such a game. Nonetheless, let us see what are the payoffs when a player believes
with probability at least p that the other players will play in the set {M, R}. Subject to this (set
of) beliefs, playing L implies a payoff of at most 5 — 4 p. Moreover, under these beliefs, playing
M or R implies, respectively a payoff of at least 4 — p and 3.5 p. Therefore, it is easy to show that
for any belief of a player that assigns a probability weakly superior (respectively strictly superior)
to % to the other player playing in {M, R}, he has a best reply in {M, R} (respectively all his best
replies are in {M, R}). Therefore {M, R} x {M, R} is a (p, p)-best response set (respectively
strict (p, p)-best response set) for any p > % (Note that {M, R} x {M, R} does not contain
any proper subset that is a (%, %)—best response set, therefore it is a minimal (strict) (%, %)-best
response set.)

7 Compact-continuous games are games where for each player, the set of actions is a compact subset of a metric space
and payoff functions are continuous. In particular, this endows finite games.
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Observe that in the game where the set of actions of each player is restricted to {M, R} x
{M, R}, playing R is strictly dominant for both players. This implies that the action distribution
such that (R, R) = 1 is the only correlated equilibrium with support in {M, R} x {M, R}.

2.3. Example 2

Consider the following 3 x 3 game. Each player has again three possible actions: L, M or R.
Payoffs are given by the following matrix.

Player 2

L M | R

L |55]1,4]1,0
M| 413,453
R 0,1 43|44

Player 1

This game has a unique strict Nash equilibrium (L, L) which is (p, p)-dominant for p > %.
Moreover, there exists a mixed NE u where w; (M) = ;i (R) = % for each player i. Again, Kajii
and Morris’ (1997a) conditions do not apply. Now, if a player believes with probability at least
p that the other player will play in the set {M, R}, playing L implies for both players a payoff
of at most 5 — 4 p. Moreover, under these beliefs, playing M or R implies, respectively, a payoff
of at least 4 — p and 4 p. Therefore, it is easy to show that for any belief of a player that assigns
a probability weakly superior (respectively strictly superior) to % to the other player playing in
{M, R}, he has a best reply in {M, R} (respectively all his best replies are in {M, R}). Therefore
{M, R} x {M, R} is a (p, p)-best response set (respectively strict (p, p)-best response set) for
any p > % (Notice that {M, R} x {M, R} does not contain any proper subset that is a (%, %)-best
response set, therefore it is a minimal (strict) (%, %)-best response set.)

Note that here again, one can show that there exists a unique correlated equilibrium with
support in {M, R} x {M, R}. This correlated equilibrium is the unique mixed Nash equilibrium
with support in {M, R} x {M, R}. The associated distribution of action u is such that w(R, R) =
WM, M) =p(M,R) = u(R, M) = 3.

Our results will prove that the existence of such sets will be an important feature to understand
the robustness of equilibria.

3. Robustness
3.1. Associated incomplete information games

Let us first define an information system as a structure IS = [£2, 3, {Q;}iex, P] where £2 is
a countable state space; I = {1, ..., I} is the collection of players; for each player i, Q; is a
partition of the state space; P is a probability measure on the state space. We write P(w) for
the probability of the singleton event {w} and Q;(w) for the (unique) element of Q; contain-
ing w. Therefore, an incomplete information game consists of U = [IS, {A;}ies, {#i}iex] where
1S is an information system as described previously; for each player i, A; is his action set; and
u;:A x £2 — R is a bounded state dependent payoff function. Our way to compare complete
and incomplete information games is directly inspired from Kajii and Morris (1997a). We say
that an incomplete information game U embeds the complete information game I" if U satisfies
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the following conditions: (1) the collection of players I = {1, ..., I'}, and (2) their (pure) action
sets Ay, ..., Ay are the same as in I". We denote E(I") the set of incomplete information games
which embed I".

Throughout the paper we will restrict our attention to incomplete information games where
every information set of every player is possible, that is P[Q;(w)] > 0 for all i € J and w € £2.
Then the conditional probability of an event is always well defined by Bayes Rule.

A (mixed) strategy for player i is a Q;-measurable function o;:£2 — A(A;). We denote
by oi(a; | ) the probability that action a; is chosen given w under o;. A strategy profile is a
function o = (0;);c3 Where o; is a strategy for player i. We denote by o (a | w) the probability
that action profile a is chosen given w under o; we write o_; for (0;);;; when no confu-
sion arises, we extend the domain of each u; to mixed strategies and thus write u; (o (w), w) for
Y aealtia, w)o(a | w). Now the payoff of strategy profile o to player i is given by the expected
utility Y, co Y gea Ui(a, w)o(a | w) P(w) which can be written as ) o u; (0 (w), w) P(w).

Definition 4. A strategy profile o is a (Bayesian) Nash equilibrium of U if, for each i € 3,
ai € Aj,and w € £2,

Z ui(o(@), )Pl | Qi(w)] = Z ui(ai, o—i(@), )Pl | Qi(w)].

w'€Q;(w) o'eQ;(w)

Letop € A(A) besuchthatop(a) =)
distribution generated by o'.

Kajii and Morris (1997a) formalized the idea that an incomplete information game U is close
to a complete information game I” if with high probability, the payoff structure under U is equal
to that under I" and every player knows his payoff. Thus, for each incomplete information game
U € E(I'"), write §2y for the set of states where payoffs are given by I", and every player knows
his payoft:

wen 0 (a| ) P(w). In the sequel, we call op an action

Qu={weR|uija o)=gia)forallac A, o' € Q;(w), andi € J}.

Definition 5. The incomplete information game U is an g-elaboration of I" if U € E(I") and
P[2y]=1—c¢.Let E(I, ¢) be the set of all e-elaborations of I".

Definition 6. An action distribution © € A(A) is robust to incomplete information in I" if, for
every 6 > 0, there exists £ > 0 such that, for all 0 < ¢ < &, every U € E([, ¢) has a Bayesian
Nash equilibrium o such that® max,c 4 lu(a) —op(a)] < 6.

Remark 4. 1 € A(A) is not robust if there exists § > 0 and a sequence of incomplete information
games UX € E[I", ¢¥] with ¢k — 0 such that every Bayesian Nash equilibrium o of U* with
induced action distribution 0112 is such that max,c4 | (a) — 01’; (a)| > 6. In that sense, u is not a

robust prediction.

We refer the reader to Kajii and Morris (1997a, 1997b) for a discussion of the strength of this
test and alternative routes to weaken it.

8 Asin Kajii and Morris (1997a), we measure distance between action distributions by the max norm.
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3.2. Belief operator and the critical path result

In this section, we introduce belief operators and the notion of common p-belief developed by
Monderer and Samet (1989) and then we report Kajii and Morris’ (1997a) Critical Path Result.
Given an information structure [£2, S, {Q;}ies, P], for any number p; € (0, 1], define for each
ECQ B/'(E)={we 2: PIE|Qi(®)] > pi}.

That is, Bf (E) is the set of states where player i believes E with probability at least p;. For
any row vector p = (p1,..., p1) € (0, 11, Bf(E) = mieS Bfi(E); Bf(E) is the set of states
where E is p-believed, i.e., each player i believes E with probability at least p;. An event is
p-evident if it is p-believed whenever it is true, i.e. E C BP(E). An event is common p-belief if
it is p-believed, it is p-believed that it is p-believed, etc.; thus E is common p-believed at w if
® € CP(E) =, [BY1"(E).

Kajii and Morris (1997a, Corollary 4-3, p. 1296) showed a connection between the ex ante
probability of an event E and the ex ante probability of the event CP(E) when ) ;. pi < 1.
Their result shows that if Zie?\ pi < 1, then P[CP(E)]is close to 1 whenever P[E]is closeto 1,
regardless of the state space. Their proposition” is the following:

Proposition 1 ((The Critical Path Result)). If ) .~ pi <1, then in any information system
[£2,3,{Qi}iex, P), all events E satisfy:

i 1 — min;ex(pi)
P[CP(E)] > 1— (1 - P[E])(l +y L )( < )
;1—171' =2 ieapi

4. Main results

In this section we will state and prove our main results. We first build on the concept of
p-best response set in order to provide a sufficient condition for the robustness of an equilibrium
in I". Then we consider the strict p-best response set that allows us to provide a close sufficient
condition under which I" has a unique robust equilibrium.

Theorem 1. Let S be a p-best response set with ) ; .~ pi < 1 of I'. If there exists a unique
correlated equilibrium p* with Supp(u*) C S then u* is a robust equilibrium of I.

The statement of the theorem implies that such a u* is a Nash equilibrium. Let us see why it
is so. First take the modified game where for each player i the action set is restricted to S;. In this
modified game, u* is the unique correlated equilibrium and hence it is a Nash equilibrium. Thus
in the original game, under ©*, no player has an incentive to deviate from his strategy in u* to
an action in S;. But under p*, each player i believes with probability one that the other players
will play in S_;. So, by definition of a p-best response set, player i has a best reply in S; and so
does not have any incentive to deviate from his strategy in p* to an action outside S;. Therefore
w* is a Nash equilibrium of the original game. We now move to the proof of Theorem 1. In order
to do so, we must first prove some useful lemmas.

9 Kajii and Morris (1997a) used in the proof of their robustness result a slightly modified version of The Critical Path
Result. Their version relies on a particular class of events. However, we use their Corollary 4-3 [p. 1296] which applies
to any event.
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Lemma 1. Let S = X;cxS; be a p-best response set in I'. Consider any U € E(I"), and let F C
Ry be a p-evident event. Then U has a Bayesian Nash equilibrium o such that ) oi(a; |
w)=1forallieIandwe F.

a; €S;

Proof. Let F; = B/ (F), so F C();cy F;. Note that for all ' € Q;(w), P[F | Qi(w)] = P[F |
Qi(w")], thus we have that F; =,/ F 0; (o), otherwise stated, F; is a Q;-measurable set.
Consider the modified incomplete information game U’ = [IS, {A;}; e, {u}}iex] where we mod-
ify payoffs of each player i € § (only at states that belong to F;) involving strategies outside
S; such that these strategies become strictly dominated (i.e. together with the fact that F; is a
Q;i-measurable set, it is sufficient to assume that for alli € I, for all o’ € F;, forall a; ¢ S;, there
exists ¢; € S; such that u(a;,a_;,®') = u;(a;,a_;, ") > u;(a;,a_;, ') for any a_; € A_;).
There exists a Bayesian Nash equilibrium o of the modified game U’ where, by construction,
each player i’s strategy satisfies y aes; 0i(ai | @) =1forall o € F; and i € 3. We shall show
that o is an equilibrium of U. Let w ¢ F;. As noted earlier, F; = | J WeF; Q; (') then (recall that
Q; is a partition of £2) Q;(w) N F; = (. Thus it should be clear that for all i € J, o; is a best
response to o_; at w (since i’s payoffs from U to U’ change only at F;). Now let w € F;. Then
P[F | Qi(w)] = p;i; thus under o, the conditional probability that player i assigns to the other
players playing in S_; is weakly above p;. Since F C 2y and Q;(w) N F # @, by definition of
2y, payoffs are given by I" at w € F;. Moreover, since F; is a 0;-measurable set, i knows that
his payoffs are given by I". Because S is a p-best response set in I": there exists @; € S; such that

> uiaoi(@). )Pl | Qi@)] > Y wiaio-i(@), o) Plo| Qi(w)]
o' €Q;(w) @'€Qi(w)
for all a; ¢ S;. But

> ui(o@). )P[0 | Qi@)] > > ui@i.oi(@),o)Ple| Qi(@)].
o' €Q;(w) w'€Qi(w)
Then at w € F;, o; is weakly better than any a; ¢ S;. But it is also weakly better than any a; € S;
(since it is an equilibrium of U’). Thus o is also a Bayesian Nash equilibrium of the original
game U. O

As noted in Kajii and Morris (1997a) (assuming p > 0), CP(£2y) is the largest p-evident event
set contained in £2y;. Thus, an immediate corollary can be stated:

Corollary 1. Let S be a p-best response set of I'. Consider any U € E(I"), then U has a Bayesian
Nash equilibrium o such that ZaieS,- oi(a; |w)=1foralli €I and w € CP($2y).

We move to the following important lemma in the proof of Theorem 1.

Lemma 2. Let S be a p-best response set of I with ).~ pi < 1. Then for any sequence of
ek-elaboration U* of ", where ¥ — 0 (as k — +00), every UX has a Bayesian Nash equilib-
rium o with induced action distribution of, such that Zaes af, (a) = 1 (as k — +00).

Proof. By construction, for any U k we have P2y ]=1—- ek . The Critical Path Result (Propo-

sition 1) implies P[CP ()] > 1 — 8¢ where 8* = 6 x (1 + ¥y 725) RS, Clearly,

8K — 0 (as k — +00). By Corollary 1, there exists a Bayesian Nash equilibrium o* of U¥ with
Za;eS; oik(a,- | w) =1foralli €y, for all w € CP(§2,x). This completes the proof. O
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Lemma 3. Suppose ¢ — 0 as k — +o00. Let ¥ be a Bayesian Nash equilibrium of U* €
E[I, €] and let a;‘, be the action distribution generated by o*. Then Gllﬁ has a subsequence
which converges to some correlated equilibrium of T.

Proof. See Kajii and Morris (1997a, Corollary 3-5, p. 1294). O

Proof of Theorem 1. Now the proof of Theorem 1 is completed as follows.

Suppose that u* is not robust. Then, there exists § > 0 and a sequence of U* € E(I", £¥)
where ¥ — 0 (as k — +00) such that for every equilibrium o* of U¥ with induced action dis-
tribution 0113, maxgeca |u*(a) — af, (a)| > ¢ for all k. Together with Lemma 2, we can restate this
by: there exists § > 0 and a sequence of Uk € E(I", ¢F) where e — 0 (as k — +00) which has a
Bayesian Nash equilibrium 6% with induced action distribution &f, satisfying } ¢ &1],3 (a)—>1
(as k — +00) and max,eq |u*(a) — 6I’§(a)| > § for all k. But by Lemma 3, {6113},‘:11 has a sub-
sequence which converges to some correlated equilibrium £ of I which must be different from
W since maxgeqa | (a) — 5115 (a)| > & for all k. Since p* is the unique CE with support in S, we
have Supp(in) 52 S. This contradicts ) _, s &I’i (a) — 1 (as k — +00). Therefore we have shown
that u* is robust. O

Our condition generalizes Kajii and Morris (1997a) since a unique correlated equilibrium
implies that there exists a trivial set (the set of all available action profiles) which is a p-best
response (with ) ;. ~ pi < 1) and which has a unique correlated equilibrium whose support is
in that set. The second condition for robustness in Kajii and Morris (1997a) states that if an
equilibrium a* is a p-dominant equilibrium with ) ;_y p; < 1 then it is a robust equilibrium.
Clearly at such an equilibrium the singleton set {a*} is a p-best response set with ) ; .~ pi <1
and contains a unique correlated equilibrium whose support is trivially in {a*}. In the sequel, we
provide a slight refinement of the condition of Theorem 1, under which I" has a unique robust
equilibrium.

Theorem 2. Let S be a strict p-best response set with ), .~ pi < 1 of I'. If there exists a unique
correlated equilibrium p* with Supp(u*) C S then u* is the unique robust equilibrium of T

Proof. Since S is a strict p-best response set, it is a p-best response set. Thus, u* meets the
conditions of Theorem 1 and is therefore a robust equilibrium. Let us show that it is the unique
robust equilibrium of I". In order to do so, we build on a Kajii and Morris’ (1997a) proof. For
our purpose, it is sufficient to show that for all ¢ > 0, there exists U € E (I, ¢) such that the set
of Bayesian NE of U consists in playing in S.

Let gi = (pi/ X_ ey Pj) > pi foreachi € 3. It follows that } ;. ¢i = 1. Now fix & > 0 and
let 2 =3xNjand P(i,k)=¢e(1 — e)kql-. Let each Q; consist of (i) the event E? ={(J,0)j=};
and (ii) all events of the form Elk ={@,k—1),(j,k)j=i}, for each integer k > 1. Let

gi(a) ifwgE,
ui(a,w)y=141 ifoeEYanda; €S;,
0 ifweE)anda; ¢S;.
Andlet o* be any NE of U € E(I", ¢). We show that foralli € J,w € 2,
By construction, )

ares; o (a; |w) =1.

a4;es; o (aj |w)=1forall w € EZQ and i € 3. Now our inductive hypothesis
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is that Za[eS[ Gi* (@i |w)=1forall w Elk and i € 3. Consider any w € EZH], by construction
of the state space, we have

e(1—e)kg; qi

P[{(i,k)} | Q,(a))] = e(1 —e)kg; + Zj;éi e(l — 8)k+1qj = g+ —¢) Zj;éi q;

>(qi > pi-

Thus by the inductive hypothesis, each agent i assigns a probability strictly above p; to the other
players playing in S_;. But as S is a strict p-best response set, this implies that Zaie s; o (a; |

w)y=1forallwe E f“ and i € 3. Thus our inductive hypothesis holds for k + 1. O

Theorem 2 is a generalization of another result of Kajii and Morris (1997a) that states that
if an equilibrium a* is a strict p-dominant equilibrium with ) ; _« p; < 1 then it is the unique
robust equilibrium. Clearly at such an equilibrium the singleton set {a*} is a strict p-best response
set with ) ;.5 p; < 1 and contains a unique correlated equilibrium whose support is trivially in
{a™}.

The two simple examples in Section 2 show that our condition applies when those of Kajii
and Morris (1997a) do not, thus showing that our condition is strictly weaker. In Example 1,
it is easy to see that none of the sufficient conditions of Kajii and Morris (1997a) are satisfied.
Nonetheless, as shown above, {M, R} x {M, R} is a (strict) (%, %)-best response set and the
action distribution @ such that (R, R) = 1 is the only correlated equilibrium whose support is
in {M, R} x {M, R}. Hence, it is the unique robust equilibrium. The second example has a unique
strict Nash equilibrium (L, L). Recall that we have shown that {M, R} x {M, R} is a (strict)
(%, %)—best response set. The unique mixed Nash equilibrium p with supportin {M, R} x {M, R},
which is such that u; (M) = u;(R) = % (for both i) defines a distribution of actions that is the
unique correlated equilibrium with support in {M, R} x {M, R}. Thus this game satisfies our
conditions and p is robust. It is the unique robust equilibrium and therefore, the unique strict
Nash equilibrium is not robust.

5. Related literature: potential techniques

A recent work of Morris and Ui (2005) has introduced a concept of Local Potential func-
tion.!” In this section, we show that our theorem can be seen as a particular case of Morris and
Ui’s (2005) work. Nevertheless finding Local Potential functions can be a rather hard task. Our
condition is much easier to manipulate and seems to be a natural first step to see if Morris and
Ui’s condition applies.

Let P; be a partition of A; such that P; is linearly ordered by the order relation <; fori € 3.
Let Z; and Z; be the smallest and the largest elements of P;, respectively. The corresponding
product order relations over P and A are denoted by <y, and those over P_; and A_; are denoted
by <_;, respectively. We will also note P;(a;) for the (unique) element of P; containing a; .

Let Zi+ € P; be the smallest element in P; larger than Z; # Z; and Z; € P; be the largest
element in P; smaller than Z; # Z ;. We first state some definitions.

10 1n fact, Morris and Ui (2005) has introduced Generalized Potential functions. We will restrict attention to Local
Potential functions that are a particular form of these functions.
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Definition 7. A complete information game I” satisfies diminishing marginal returns if, for each
ieJanda_; € A_;,

gi(al a;) —gi(ai,a-;) < gi(ai,a—;) — gi(a; ,a—;)
fora; ¢ Z;UZ;, a € Pi(a;)*, and a; € Pi(a;)".

Definition 8. Let X* € P be given. A P-measurable function v: A — R with v(a*) > v(a) for
alla* € X* and a ¢ X* is a local potential function of I" if, foreach i € 3, Z; >; X},

max Y Ala_i)gi(aj.a) > max Y Ala_i)gi(a).a)
i~%i a_jeA_; 4 €Zi a_;jeA_;
for all . € A(A_;) such that
> Maiviaa)= Y Ma—vlai,a),
a_j€A_; a_ij€eA_;
where a; € Z; and a; € Z;; and symmetrically, for each i € 3, Z; <; X;“,
max Y ra-)gi(af,a—i) = max Y ra-i)gi(a],a ;)

/ +
'eZ: €z
alEZl a_jeA_; t ! a_jeA_;

for all A € A(A_;) such that
Y Masv(aan) = Y0 Ma-dv(aiasy),
a_jeA_; a_jeA_;

where a;r € Z;r and a; € Z;. A partition element X™* € P is called a local potential maximizer
(LP-maximizer).

Definition 9. A complete information game I satisfies strategic complementarities if, for each
i €5,

giai,a_i) —gi(aj,a—;) > gi(ai.a’;) — gi(aj,a_;)
for all a;,a] € A; and a_;,a’ , € A_; such that P;(a;) >; Pi(a}) and P_;(a_;) >_; P_;j(a’)).

A function v: A — R satisfies strategic complementarities if an identical interest game I” with
gi = v for all i € J satisfies strategic complementarities.

In the particular case where for each player i, P; = {S;, A;\S;}, we have the following char-
acterization:

Lemma 4. Let P; = {S;, Aj\S;i} with S; <; A;j\S; foralli € 3. v: A — R is a local potential
Sfunction with an LP-maximizer S = X;exS; if and only if

(1) v(a) >v(d) forallae Sanda ¢S,
(ii) v is a P-measurable function,
(iii) foralli €3, iffora; € S;, and a; € A;\S;, L € A(A_;) satisfies

Y Mav(a;a) = Y Mavla,ay),

a_jeA_; a_jeA_;
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then for some a; € S; and all alf € A;,

Y rMadgiaia)= Y Maigi(a).a).

a_jeA_; a_jeA_;
Proof. The straightforward proof is omitted. O
The following proposition links our approach with that of Morris and Ui (2005).

Proposition 2. [f I has a p-best response set S with ) _
Sfunction v: A — R with an LP-maximizer S such that:

v(a)— 1_Zi€3pi ifﬂlES,
T\ —-Xienpi  ifai€SiforieNanda; ¢S fori¢N.

In addition, v satisifes strategic complementarity.

pi <1, then I' has a local potential

iel

Proof. Note that

1—p; ifa_;eS_;
, i i i»
v(ai,a—;) —v(a;,a—;) = { —pi otherwise,

where a; € S; and a{ ¢ S;. Thus, v satisfies strategic complementarities and (i) and (ii) are satis-
fied (recall that ), 5 pi < 1). Let us prove that (iii) is also satisfied.
Suppose that for a;” € §;, and a; € A;\S;, A € A(A_;) satisfies

Y Masva) = Y Ma—via,a;)

a_j€A_; a_j€A_;
then,
> ra-p[va.ai) —viai.a-)]
a_jeA_;

= > Map)(U=p)+ Y, Mai)=p)= Y ka)—pi>0.

a_,'ES_,' a_igéS_; a_,'ES_,'
Thus A € ITY' (S_;). Since S is a p-best response set, there exists a; € S; such that
Z Ma-i)gi(ai,a—;) > Z Ma—i)gi(aj,a—;)
a_j€A_; a_jeA_;

for all a] € A;. Thus (iii) is satisfied and the proof is completed. O

Note also that I" satifies diminishing marginal returns in the trivial sense. We now restate
Proposition 3 in Morris and Ui (2005) that implies our main theorem.!!

Proposition 3. Suppose that I" has a local potential function v: A — R with an LP-maximi-
zer X*. Assume that I' admits a unique correlated equilibrium p* with Supp(u*) C X*. If
I' satisfies diminishing marginal returns, and if I' or v satisfies strategic complementarities,
then w* is a robust equilibrium of T.

11" Note that the original proposition of Morris and Ui (2005) relies on robustness of set of correlated equilibria.
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In the spirit of Morris and Ui’s (2005) work, it shows that higher order beliefs techniques and
potential methods are closely related.
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